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PREFACE 
In  r e c e n t  y e z r s  t h e r e  has  been a  cons ide rzb le  i n t e r e s t  i n  
t h e  developnent of node l s  f o r  r i v e r  and l a k e  e c o l o g i c a l  s y s t e m .  
Much o f  t h i s  i n t e r e s t  has been d i r e c t e d  toorards t h e  fi-evelon- 
~ . e n t  of  p r o r r e s s i v e l y  l a r ~ e r  and F.ore complex s imu la t ion  
motels. I n  c o n t r a s t ,  r e l a t i v e l y  l i t t l e  a t t e n t i o n  has  been 
devoted t o  t h e  problems of u n c e r t a i n t y  and e r r o r s  i n  t h e  
f i e l d  d a t a ,  of  inadequa te  numbers of f i e l d  d a t a ,  o f  uncer-  
t a i n t y  i n  t h e  r e l a t i o n s h i p s  between t h e  i n p o r t a n t  system 
v a r i a b l e s ,  and o f  u n c e r t a i n t y  i n  t h e  r o d e l  pararr-eter e s t i ~ a t e s .  
I I A S A ' s  Resources and Environment Area ' s  Task on "!!odels f o r  
Environmental Q u a l i t y  Con t ro l  and I l a n a g e ~ e n t "  add res se s  
problems such a s  t h e s e .  
Th i s  paper  exanines  how t h e  u n c e r t a i n t i e s  o f  t h e  model 
c a l i b r a t i o n  e x e r c i s e  -- e s s e n t i a l l y  u n c e r t a i n t i e s  a s s o c i a t e d  
wi th  t h e  e s t i n a t e d  model parameter va lues  -- w i l l  a f f e c t  t h e  
conf idence t h a t  can be p laced  i n  any p r e d i c t i o n s  of f u t u r e  
behaviour ob tz ined  f r m .  t h e  model. E a r l i e r  papers  (FP-79-27 
an6 !J?-79-63) have examined s i m i l a r  t o p i c s  wi th  d i f f e r e n t  
approaches.  The purpose o f  t h i s  pa?er is  t o  p r e s e n t  a  method 
of a n a l y s i s  s u i t a b l e  f o r  use  w i t h  r e l a t i v e l y  l a r g e ,  complex 
riodels, an a r e a  i n  which it i s  ~ a r t i c u l a r l v  f l i f f i c u l t  t o  make 
any r i g o r o u s  and s y s t e r a t i c  s t u d i e s  of  t h e  e f f e c t s  of uncer-  
t a i n t y  and e r r o r s .  For t h e  t i m e  be inc ,  t h e r e f o r e ,  ou r  concern 
i s  with  model developnent  and wi th  methods of a n a l v s i s ;  i n  
t h e  f u t u r e  w e  i n t e n d  t o  cons ide r  t h e  i m p l i c a t i o n s  t h a t  t h e s e ,  
ana lyses  have f o r  t h e  problems of envi rom.en ta1  r a n a g e ~ ~ e n t .  
iii 

A pethod i s  proposed f o r  r e c u r s i v e  computation of  t h e  
propaya t ion  o f  f o r e c a s t i n ?  e r r o r  cova r i ances  where t h e  fore -  
c a s t  i s  d e r i v e d  from a non l inea r  s t a t e  space pode l  of  wate r  
q u a l i t y  dynamics. This  p a r t i c u l a r  method, based on t h e  i d e a  
of an extended Kalman f i l t e r i n g  a l q o r i t h ~ ,  i s  n o r e  cornonly 
a p p l i e d  t o  t h e  nroblem. of r e a l - t h e  s t a t e  and ~ a r a n e t e r  e s t i -  
mation and t o  t h e  prob len  of m.odel c a l i b r a t i o n .  Th i s  pa?er 
e x p l o i t s  t h a t  connect ion i n  o r d e r  t o  s t r e s s  t h e  c l o s e  r e l a t i o n -  
s h i p  between 'model c a l i b r a t i o n  and t h e  u se  of node l s  o r  
f o r e c a s t i n g  t h e  f u t u r e  behaviour  of a system. I t  i s  argued 
t h a t  t h e  a n a l y s t  i s  f r e q u e n t l v  unaware of  t h e  l e v e l s  of uncer-  
t a i n t y  i n  a c a l i b r a t e d  water  ~ u a l i t y  ~ . o d e l ;  nor  i s  it obvious 
'how t h i s  u n c e r t a i n t y  i s  d i s t r i b u t e d  arcong t h e  i n d i v i d u a l  
r e l a t i o n s h i p s  t h a t  malte up t h e  model. Such u n c e r t z i n t y  i n  
t h e  n o d e l ,  i . e . ,  t h e  c o d e l  parameter  e s t i r ca t ion  e r r o r s ,  
has  a s i q n i f i c a n t  e f f e c t  on t h e  conf idence t h a t  can be 
ass igned  t o  model-based f o r e c a s t s .  A p a r t i t i o n e d  form of t h e  
a l ~ o r i t h r ? .  i s  presen ted .  This  n o t  on ly  n e r ~ . i t s  a  cons ide rab le  
sav ing  i n  computat ional  e f f o r t  b u t  it a l s o  p rov ides  u s e f u l  
i n s i g h t  i n t o  t h e  way i n  which t h e  v a r i o u s  sources  of uncer- 
t a i n t y  propaqa te  forward i n  t i m e  with t h e  f o r e c a s t .  

TBE PROPAGATION CF ERROR? AND ITNCERTAINTY 
I N  FORECASTING WATER Q u z u I r n Y  - PART I :  YETHOD 
1. I n t r o d u c t i c n  
When f o r e c a s t i n g  t h e  f u t u r e  b e h a v i o r  o f  w a t e r  q u a l i t y  i n  
a  l a k e  o r  r i v e r ,  t h e  cus tomary p r a c t i c e  i s  t o  u s e  a  d e t e r ~ . i n i s -  
t i c  s i m u l a t i o n ;  a  s i r r u l a t i o n ,  i n  f a c t ,  t h a t  p r o v i d e s  a n  appar-  
e n t l y  unique  t r a j e c t c r y  f o r  f u t u r e  v a r i a t i o n s  i n  t h e  s t a t e  of  
t h e  sys tem.  I n  s p i t e  o f  a l l  t h e  q u a l i f i c a t j o n s  t h a t  may be  
open ly  a t t a c h e d  t o  such  a f o r e c a s t ,  t h e  f o r e c a s t  i s  by i t s  
v e r y  appearance  d e c e p t i v e :  a  s i n g l e  l i n e  drawn a c r o s s  t h e  page 
i s  unavoidably  a  c o n f i d e n t  s t a t e m e n t .  I n  t h i s  p a p e r  w e  q u e s t i o n  
t h e  c o n f i d e n c e  t h a t  c a n  be  p l a c e d  i n  p r e d i c t i o n s  a b o u t  t h e  
f u t u r e  long-term b e h a v i o r  o f  l a k e  w a t e r  ~ u a l i t y .  I n d e e d ,  
r a t p e r  t h a n  b e i n g  i n t e r e s t e d  i n  t h e  p r e d i c t i o n  o r  f o r e c a s t  
i t s e l f ,  w e  s h a l l  be  more concerned w i t h  t h e  p r o p a g a t i o n  o f  
f o r e c a s t i n g  e r r o r s .  
O t h e r  t h a n  a s  a  c o n c i s e  r e p r e s e n t a t i o n  o f  e x i s t i n g  know- 
l e d a e  a b o u t  a  s y s t e m ' s  b e h a v i o r ,  ma themat ica l  n.odels  a r e  i n -  
t ended  f o r  f o r e c a s t i n a .  F r e q u e n t l y  t h i s  a p p l i c a t i o n  t o  f o r e -  
c a s t i n g  w i l l  be  ercbedded i n  t h e  s o l u t i o n  o f  a  managepent pro- 
blem. I f  d e c i s i o n s  a r e  t o  be made on t h e  b a s i s  o f  t h e  m o d e l ' s  
f o r e c a s t ,  how c e r t a i n  c a n  one be t h a t  t h i s  f o r e c a s t  i s  c o r r e c t ,  
and what  i s  t h e  r i s k  o f  n a k i ~ g  a  wrong d e c i s i o n ?  Y e  would 
a r g u e  t h a t  it i s  n o t  ~ o s s i b l e  t o  answer such  q u e s t i o n s  witP.out 
s t e p p i n g  back from t h e  s u b j e c t  o f  model a p p l i c a t i o n  and 
examining t h e  p r i o r  s t a g e  of  model d e v e l o p n e n t .  Model develop-  
ment i d e a l l y  i n c l u d e s  t h e  p r o c e s s  o f  n o d e l  c a l i b r a t i o n ,  i n  
which t h e  model i s  e v a l u a t e d  by r e f e r e n c e  t o  e x p e r i m e n t a l  
o b s e r v a t i o n s  o f  h i s t o r i c a l  p a t t e r n s  o f  tb.e l a k e ' s  behav io r  
( h e n c e f o r t h ,  t h e  u se  o f  dynamic models and time-series f i e l d  
d a t a  i s  assumed) .  S i n c e  a l l  f i e i d  d a t a  a r e  s u b j e c t  t o  
measurenent  e r r o r  ( n o i s e )  a p r i a a r y  o b j e c t i v e  o f  model c a l i b r a -  
t i o n  -- o r  sys tem i d e n t i f i c a t i o n  -- is  t o  d i s c r i m i n a t e  a g a i n s t  
t h i s  k ind  o f  u n c e r t a i n t y ,  and t h u s  t o  d i s c e r n  t h e  unde r ly ing  
d e t e r m i n i s t i c  phenomena governing system behav io r .  C a l i b r a t i o n  
i s  n o t  e x a c t l y  a  m a t t e r  o f  " f i l t e r i n g  o u t "  t h e  u n c e r t e i n t y  
from t h e  f i e l d  d a t a ,  a l t h o ugh  t h i s  may be  a  u s e f u l  way o f  
v i s u a l i z i n g  sys tem i d e n t i f i c a t i o n  f o r  t h e  fo l l owing  d i s c u s s i c n .  
The i m p o r t an t  p o i n t  i s  t h a t  t h e  model, even when c a l i b r a t e d ,  
remains an u n c e r t a i n  approx imat ion  o f  r e a l i t y .  Consequent ly ,  
when t h e  c a l i b r a t e d  model i s  a p p l i e d  t o  t h e  f o r e c a s t i n g  problem 
s u c h  u n c e r t a i n t y  ough t  somehow t o  be  v i s i b l e  i n  tb.e p l o t t e d  
f u t u r e  t r a j e c t o r i e s  of  l a k e  w a t e r  q u a l i t y .  
I n  t h i s  paper  w e  p r e s e n t  an  a l g o r i t h m  f o r  computing t h e  
~ r o p a g a t i o n  of  u n c e r t a i n t y  and e r r o r s  i n  wa te r  q u a l i t y  model 
f o r e c a s t s .  P a r t  I o f  t h e  paper  ? e s c r i b e s  t h e  r e t h o d  an2  i t s  
o r i g i n s .  P a r t  I1 o f  t h e  paper  w i l l  i l l u s t r a t e  t h e  c a p a b i l i t i e s  
o f  t h e  a l g o r i t h .  u s i n g  bo th  s imp le  ex?.mples an2 a l s o  a  more 
complex r o d e l  o f  w a t e r  q u a l i t y  v a r i a t i o n s  i n  Lake C n t a r i o  
(see a l s o  D i  Toro and van S t r a t e n ,  1979 ) .  F u r t h e r  r e s u l t s  o f  
t h e  a p ~ l i c a t i o n  o f  t h e  a l g o r i t h r  w i t h  an a l t e r n a t i v e  model 
o f  Lake O n t a r i o  a r e  g i v e n  i n  Halfon and Beck ( 1 9 7 9 ) .  There  
a r e  two main r ea so n s  f o r  u s ing  t h e  proposed algorithm., t h e  
extended Kalman f i l t e r  ( e . g . ,  J a z w i n s k i ,  1970 ) .  F i r s t ,  t h e  
extended Kalman f i l t e r  (EKE') i s  Tore  u s u a l l y  a s s o c i a t e d  w i t h  
t h e  p rob le r .  o f  sys tem i d e n t i f i c a t i o n ,  a s  i n  Beck and Young 
(1976) a n d  Beck ( 1 9 7 9 a ) .  Hence w e  s h a l l  be a b l e  t o  e ~ p h a s i z e  
t h e  c r u c i a l  and i n t i m a t e  c o n n e c t i o n  between model c a l i b r a t i o n  
and nodel -based p r e d i c t i o n .  Second, a  p r i n c i ~ a l  t a r g e t  o f  
t h i s  a n a l y s i s  i s  a n  a b i l i t y  f o r  r e l a t i v e l y  r a p i d  e v a l u a t i o n  
of  t h e  e r r o r s  o f  p r e d i c t i o n s  f r o r .  l a r g e  complex models ,  wi th-  
o u t  e x c e s s i v e  c o m p u t a t i o n a l  r e q u i r e n e n t s .  T?e s u g q e s t  t h a t  t h e  
EKF i s  c a ~ a b l e  o f  f u l f i l l i n g  t h a t  r o l e .  
2. C a l i b r a t i o n  and P r e d i c t i o n  - I n s e p a r a b l e  Problems.  
2 . 1  D e t e r m i n i s t i c  and U n c e r t a i n  P r e d i c t i o n s .  
The p r c b l w .  w e  wish  t o  a d d r e s s  i s  t h e  computa t ion  of a  
( lona- term)  forecas t j - r -g  e r r o r  c o v a r i a n c e  r?.atrix.  T h i s  can  be  
s t a t e d  a s  f o l l o w s .  Suppose t h e  model o f  l a k e  water q u a l i t y  
b e h a v i o r  i s  d e f i n e d  by a  set o f  n o n l i n e a r  o r d j n a r y  d i f f e r e n t i a l  
e q u a t i o n s ,  i . e . ,  i n  v e c t o r  n o t a t i o n ,  
t o g e t h e r  w i t h  a n  accompanying s e t  o f  n o n l i n e a r l y  r e l a t e d  
c u t p u t  o b s e r v a t i o n s ,  
I n  e q u a t i o n s  (1) and (2) u ,  - - x ,  and y a r e  r e s p e c t i v e l y  v e c t o r s  
r e p r e s e n t i n g  t h e  measured i n p u t  ( f o r c i n g )  d i s t u r b a n c e s ,  t h e  
s t a t e  v a r i a b l e s ,  and t h e  measured o u t p u t  ( r e s p o n s e )  v a r i a b l e s ;  
< and Q a r e  r e s p e c t i v e l y  v e c t o r s  o f  randon u n ~ e a s u r e d  i n p u t  
- - 
d i s t u r b a n c e s ,  i . e . ,  sys tem n o i s e ,  and random o u t p u t  measurement 
e r r o r s ,  i . e . ,  measurement n o i s e ;  f and h a r e  n o n l i n e a r  v e c t o r  
- - 
f u n c t i o n s ;  a is a  v e c t o r  o f  model p a r a m e t e r s ,  which may pos- 
- 
s i b l y  be  t i n e - v a r y i n g ;  and t i s  t h e  independen t  v a r i a b l e  o f  
t i n e ,  where tk i s  t h e  k t h  d i s c r e t e  sampl ing  i n s t a n t .  The d o t  
n o t a t i o n  i n  (1) deno t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  t ,  and 
t h e  d i s c r e t e - t i m e  f o r m u l a t i o n  o f  ( 2 )  i n d i c a t e s  t h e  assumpt ion 
t h a t  sampled measurements o f  wa t e r  q u a l i t y  a r e  a v a i l a b l e .  
I t  is  n e c e s s a r y  t o  d i s t i n g u i s h  between a  d e t e r m i n i s t i c  
p r e d i c t i o n  and an  u n c e r t a i n  p r e d i c t i o n .  A d e t e r m i n i s t i c  
p r e d i c t i o n  o f  l a k e  wa t e r  q u a l i t y  behav io r  a t  a  f u t u r e  t i m e  
(to + r )  may b e  d e f i n e d  from e q u a t i o n  (1) a s :  
g i v e n  t h e  i n i t i a l  c o n d i t i o n s  a t  t h e  ( c b r r e n t )  t i m e  to, i . e . ,  
ji (to) , and assuming t h a t  B i t )  and E ( t)  a r e  knouTn f u n c t i o n s  of  
- - - 
t i m e  f o r  to - < t - < to + T .  I t  i s  f u r t h e r  assumed t h a t  t h e r e  a r e  
n o  unknown d i s t u r b a n c e s  o f  t h e  sys tem behav io r  between t i m e s  
t and to + r  s i n c e  a  comparison of  e q u a t i o n  ( 3 )  w i t h  e q u a t i o n  0 
(1) shows t h a t  - c ( t )  = - 0 h a s  been s u b s t i t u t e d  i n  e q u a t i o n  ( 3 ) .  
L e t  u s  now d i s m a n t l e  t h e s e  assumpt ions  one by one .  F i r s t ,  
w e  a r e  n o t  c e r t a i n  abou t  t h e  p r e s e n t  s t a t e  ( x ( t O ) )  - o f  wa t e r  
q u a l i t y  i n  t h e  l a k e .  N e i t h e r  can it be assumed t h a t  t h e r e  a r e  
no unknown d i s t u r b a n c e s  ( c  -(t) ) o f  t h e  lalce ' s behav io r  i n  t h e  
f u t u r e ,  and c l e a r l y  one canno t  have knowledge o f  a  comple te ly  
de te rmined  p a t t e r n  o f  f c t u r e  neasured  i n ~ u t  d i s t u r b a n c e s  (u -(t)  ) , 
such a s  i n c i d e n t  s o l a r  r a d i a t i o n  and n u t r i e n t  l oad ings .  But 
most s i g n i f i c a n t l y  f o r  o u r  argument h e r e ,  it is  h i g h l y  u n l i k e l y  
t h a t  one can be comple t e ly  c o n f i d e n t  abou t  t h e  accu racy  o f  
t h e  model and hence ,  by i n p l i c a t i o n ,  abou t  t h e  accu racy  o f  
t h e  pa ramete r  v a l u e s  ( a ( t ) ) .  - I n  view of t h e s e  s o u r c e s  o f  
e r r o r  and u n c e r t a i n t y ,  l e t  us  t h u s  s t a t e  t h e  d e s i r e d  form o f  
a n  u n c e r t a i n  p r e d i c t i o n ,  i . e . ,  
where E { - 1  i s  t h e  expec t a t i on  o p e r a t o r  and s u p e r s c r i p t  T denotes  
t h e  t r anspose  o f  a  v e c t o r  o r  mat r ix .  According t o  equa t ion  (4a )  
we s h a l l  r e f e r  t o  - f (to + r l t  ) a s  a  b e s t  e s t i m a t e  o f  t h e  0 
f u t u r e  s t a t e  o f  wate r  q u a l i t y ,  given a l l  measured in format ion  
from t h e  p a s t  and up t o  t he ,  c u r r e n t  t i n e  to. The ma t r ix  
pS ( t  + r  / t ) t h e r e f o r e  r e p r e s e n t s  t h e  var iance-covar iance  0 0 
mat r ix  o f  t h e  e r r o r s  of    re diction between t h e  f u t u r e  s t a t e  
x ( t O  - + r )  and t h i s  b e s t  e s t i m a t e  - 2 ( t 0  + r  (to) of t h a t  f u t u r e  
s t a t e .  pS and 51 - j o i n t l y  c h a r a c t e r i z e  t h e  u n c e r t a i n  p r e d i c t i o n .  
For  t h e  c a s e  where Gaussian d i s t r i b u t i o n s  a r e  assumed f o r  
t h e  random p roces ses  6 and rl -- t h e  system and measurement 
- - 
n o i s e s  r e s p e c t i v e l y  -- f and pS a r e  l i kewise  t h e  mean and 
- 
va r i ance  of a  Gaussian p r o b a b i l i t y  d i s t r i b u t i o n  f o r  t h e  f u t u r e  
s t a t e  o f  t h e  l ake .  The u n c e r t a i n  p r e d i c t i o n  t h u s  s eeks  t o  
s p e c i f y  t h e  t ime-evolut ion of a  p r o b a b i l i t y  d i s t r i b u t i o n ;  
F igure  1 shows a  s imple  s c a l a r  i n t e r p r e t a t i o n  of such a  p red ic -  
t i o n .  The n o t a b l e  assumptions r equ i r ed  f o r  an u n c e r t a i n  pred ic -  
t i o n  a r e  t h a t :  
(i) We have a v a i l a b l e  average e s t ima ted  t r a j e c t o r i e s  
( p a t t e r n s )  f o r  f u t u r e  v a r i a t i o n s  i n  t h e  i n p u t s ,  para -  
me te r s ,  and no isy  disturbances of  t h e  system, t h a t  
h 
i s  - a ( t )  ,&(t) , and - S ( t j ,  r e s p e c t i v e l y ,  where to - < t 
.: to + r ;  
- 
(ii) A mean va lue  can be s p e c i f i e d  f o r  t h e  c u r r e n t  s t a t e  
of t h e  l a k e ,  i . e . ,  - 2 ( t  It ) ;  0 0 
(iii) And, a l t h o u g h  n o t  e x p l i c i t l y  i n d i c a t e d  i n  e q u a t i o n  
( q ) ,  it w i l l  b e  r e u u i r e d  t h a t  va . r iance-covar iance  
m a t r i c e s  c a n  b e  s p e c i f i e d  f o r  t h e  e x p e c t e d  uncer-  
t a i n t y  ( i . e . ,  e r r o r s ,  or c o n f i d e n c e  bounds)  i n  t h e  
estimates o f  - u,  - a ,  5 ,  and - x ( t O ) .  
I n  t h e  f o l l o w i n q  it w i l l  be a ~ p a r e n t  t h a t  t h e  d e t e r m i n i s t i c  
p r e d i c t i o n  can  u s e f u l l y  be viewed a s  a  s c e n a r i o  f o r e c a s t ,  
whereas t h e  u n c e r t a i n  p r e d i c t i o n  more c l o s e l y  rese~bles  an 
a  p o s t e r i o r i  s e n s i t i v i t y  a n a l y s i s  o f  such  a  s c e n a r i o  f o r e c a s t .  
Here " a  p o s t e r i o r i "  i s  used i n  t h e  s e n s e  o f  " a f t e r  hav inq  c a l i -  
b r a t e d  t h e  model a g a i n s t  e x p e r i n e n t a l  f i e l d  d a t a , "  ( a  p r i o r i  
s e n s i t i v i t y  a n a l y s i s  would b e  a  s e n s i t i v i t y  a n a l v s i s  c a r r i e d  
o u t  w i t h o u t  c a l i b r a t i o n  o f  t h e  m o d e l ) .  
There i s  n o t h i n g  r a d i c a l l y  n o v e l  a b o u t  o u r  d e f i n i t i o n  o f  
a n  u n c e r t a i n  p r e d i c t i o n ,  though it i s  n o t  a  common f e a t u r e  o f  
s t u d i e s  i n  e c o l o q i c a l  xr-odeling. An ear l ier  e x m i n a t i o n  o f  t h e  
saxr.e k i n d  o f  p r o b l e n  i s  r e p o r t e d  by Mankin e t  a l .  ( 1 9 7 6 ) .  They 
u s e  a  Monte C a r l o  s i m u l a t i o n  method t o  a n a l y z e  t h e  r e s p o n s e s  
o f  a  r e s t r i c t e d  class o f  l i n e a r  dynamic models t h a t  a r e  s u b j e c t  
t o  u n c e r t a i n t y  i n  t h e  es t i r r - a t ed  v a l u e s  f o r  t h e  model p a r a m e t e r s .  
T h i s  work has  s i n c e  been ex tended  t o  c o v e r  a  much more compre- 
h e n s i v e  i n v e s t i q a t i o n  ( O ' N e i l l  and Gardner ,  1979) of  s o u r c e s  
o f  u n c e r t a i n t y  i n  e c o l o g i c a l  n o d e l s ,  f o r  e x a n ~ l e ,  t h e  uncer -  
t a i n t y  a r i s i n q  from n o d e l  s t r u c t u r e  inadequacy,  p a r a ~ ~ e t e r  r o r s ,  
and n a t u r a l  v a r i a b i l i t y  o f  p o p u l a t i o n  a t t r i b u t e s  ( e . ~ . ,  g e n e t i c  
v a r i a b i l i t y )  and m e t e o r o l o g i c a l  c o n d i t i o n s .  For models o f  
l i s i t e d  s i z e  and complex i ty  t h e o r e t i c a l  a n a l y s i s  can  y i e l d  
c losed-form s o l u t i o n s  f o r  t h e  e f f e c t s  of  n a t u r a l  v a r i a b i l i t y  
on n o d e l  ? r e d i c t i o n s  ( O ' ! J e i l l ,  1978) . I n  g e n e r a l ,  however,  
it i s  e x t r e r e l y  d i f f i c u l t  t o  o b t a i n  e x a c t  a n a l y t i c a l  s o l u t i o n s  
f o r  an  u n c e r t a i n  p r e d i c t i o n .  The customary numer ica l  s o l u t i o n  
i s  t o  g e n e r a t e  a  sample of random r e a l i z a t i o n s  o f  f u t u r e  
behavior  u s i n g  Monte Ca r lo  s i ~ u l a t i o n  ( f o r  exanp le ,  Whitehead, 
1979, T iwar i  e t  a l . ,  19781, a l though  somewhat more s o p h i s t i c a t e d  
s i m u l a t i o n  a l g o r i t h m  a r e  a v a i l a b l e  ( H a r r i s ,  1 9 7 7 ) .  From t h e  
sample d i s t r i b u t i o n s  gene ra t ed  by t h e  s i m u l a t i o n s  t h e  means 
and cova r i ances  o f  e q u a t i o n s  (4a)  and (4b) may t h u s  be ca l cu -  
l a t e d .  
I n  a  r e c e n t  and c l o s e l y  p a r a l l e l  s t udy  D i  Toro and 
van S t r a t e n  (1979) have a n a l y z e d t h e p r e d i c t i o n  e r r o r s  r e s u l t i n g  
from parameter  u n c e r t a i n t y  i n  a  phytoplankton r.odel f o r  Lake 
Onta r io .  T h e i r  method of  c o n ~ u t i n g  t h e  p r e d i c t i o n  e r r o r  
v a r i a n c e s ,  which d e r i v e s  from l i n e a r  r e g r e s s i o n  a n a l y s i s ,  
shows a  c l e a r  l i n k  w i t h  t h e  n o t i o n  of s e n s i t i v i t y  a n a l y s i s .  
E s s e n t i a l l y ,  t h e  p r e d i c t i o n  e r r o r  v a r i a n c e  i s  a  f u n c t i o n  o f  
s e n s i t i v i t y  c o e f f i c i e n t s  -- i n  ou r  t e r n s  t h e  s e n s i t i v i t y  o f  
t h e  nominal p r e d i c t e d  s t a t e  t r a j e c t o r y  t o  chances  i n  t h e  para-  
meter v a l u e s  -- and t h e  cova r i ance  of  e s t i n a t i o n  e r r o r s  f o r  
p a i r w i s e  combinat ions  o f  t h e  paramete rs .  2 ince  w e  a l s o  t r e a t  
t h e  c a s e  o f  Lake On ta r io ,  a l thouqh  w i t h  a d i f f e r e n t  node l  i n  
t h e  companion Sape r  by Halfon and Beck (1979) , w e  s h a l l  have 
more t o  s ay  abou t  t h e  r e s u l t s  o f  D i  Toro and van S t r a t e n  i n  
P a r t  I1 o f  t h e  paper .  
2 . 2 .  State  and P a r a n e t e r  Es t ima t ion  
The key f e a t u r e  o f  t h e  r.ethod we s h a l l  propose  f o r  an un- 
c e r t a i n  p r e d i c t o r  i s  i t s  i n t i n a t e  connec t ion  w i t h  t h e  problem 
o f  n o d e l  c a l i b r a t i o n ,  i . e . ,  w i t h  sys tem i d e n t i f i c a t i o n  and 
p a r a m e t e r  e s t i m a t i o n .  L e t  u s  now, t h e r e f o r e ,  d i g r e s s  from 
t h e  s u b j e c t  o f  p r e d i c t i o n  i n  o r d e r  t o  c o n s i d e r  t h e  e s s e n t i a l  
purposes  and p r o p e r t i e s  of  c a l i b r a t i o n  p r o c e d u r e s .  
The n a i n  concern  o f  model c a l i b r a t i o n  and v e r i f i c a t i o n  
i s  one of  o b t a i n i n q  estimates - 6 f o r  t h e  model p a r a p e t e r  
v a l u e s ,  and o f  c o n p a r i n g  e s t i n a t e s  2 o f  t h e  moi!el o u t p u t s  
w i t h  t h e  a c t u a l l y  o b s e r v e d  h i s t o r i c a l  p a t t e r n s  of b e h a v i o r  y.  
- 
Formal ly ,  t h e  problem can b e  d e f i n e d  a s :  
Given - a  set  o f  e x p e r i m e n t a l  f i e l d  d a t a  c o m p r i s i n g  
time-series of t h e  measured i n p u t s  - u ( t )  and measured 
o u t p u t s  ~ ( t )  ; 
Determine - v a l u e s  f o r  t h e  p a r a m e t e r s  - a and t h e  s t a t e s  
x  o f  t h e  model chosen t o  c h a r a c t e r i z e  t h e  s y s t e m ' s  
- 
b e h a v i o r .  
I f  w e  r e c a i l  t h e  form of e q u a t i c n s  (1) and ( 2 )  , it i s  c l e a r  
t h a t  computa t ion  o f  b o t h  s t a t e  e s t i m a t e s  2 and p a r a m e t e r  
e s t i m a t e s  & i s  r e q u i r e d .  T h i s  i s  because  ( u s u a l l y )  c a l i b r a t i o n  
s e e k s  t h e  m i n i m i z a t i o n  of  t h e  e r r o r s  between obse rved  and corn- 
p u t e d  o u t p u t s ,  i. e. , 
where - i l ( t k )  may be  computed from u ( t )  -- g i v e n  - &(t )  -- by s o l v i n g  
I t  i s  h e l p f u l  t o  v i s u a l i z e  t h e  p r o c e d u r e  of  c a l i b r a t i o n  a s  a  
p r o c e s s  of  r e s t r u c t u r i n g  measured i n f o r m a t i o n :  i n f o r m a t i o n  
about  t h e  " e x t e r n a l "  d e s c r i p t i o n  of  t h e  sys tem,  - u and - y ,  i s  
t r a n s l a t e d  i n t o  i n f o r m a t i o n  abou t  t h e  model - re la ted  " i n t e r n a l "  
d e s c r i p t i o n  o f  t h e  sys tem,  - & and - 2 .  W e  may n o t e  i n  p a s s i n g  
t h a t  t h e r e  is  no un ique  c h o i c e  o f  v a r i a b l e s  and c o e f f i c i e n t s  
t o  be  i nc luded  i n  t h e  s ta te  and paramete r  v e c t o r s  o f  t h e  model. 
On t h e  o t h e r  hand,  t h e  h i s t o r i c a l  f i e l d  d a t a  imply t h a t  t h e  
e x t e r n a l  d e s c r i p t i o n  o f  t h e  s y s t e m ' s  behav io r  i s  t h e  f i x e d ,  
immutable b a s i s  f o r  c a l i b r a t i o n .  
Assuming t h a t  t h e  s t r u c t u r e  o f  t h e  model,  i . e . ,  t h e  form 
of  t h e  f u n c t i o n a l  r e l a t i o n s h i p s  - f  a2d h  - i n  e q u a t i o n s  ( 5 )  and ( 6 ) ,  
is  known o r  h a s  been i d e n t i f i e d  -- t h i s  may i n  f a c t  be  q u i t e  
a  s t r o n g  assumpt ion (Beck, 1979a) -- t h e  c a l i b r a t i o n  p rocedu re  
i s  i n t ended  t o  improve t h e  accu racy  o f  t h e  pa ramete r  e s t i m a t e s .  
A t  t n e  beg inn ing  o f  t h e  p rocedu re  t h e  accuracy  o f  t h e  a p r i o r i  
pa ramete r  e s t i m a t e s  may range  between t h e  a c c u r a c i e s  o f  g u e s s e s ,  
o f  v a l u e s  quo t ed  i n  t h e  l i t e r a t u r e ,  o f  v a l u e s  de te rmined  from 
l a b o r a t o r y  chemos ta t  expe r imen t s ,  and o f  v a l u e s  e s t i m a t e d  from 
p r e v i o u s  i n  s i t u  f i e l d  exper iments .  Though it i s  r a r e l y  
acknowledged, it i s  d e s i r a b l e ,  and it ought  t o  be p o s s i b l e ,  
t o  s p e c i f y  c o n f i d e n c e  bounds f o r  t .hese a  p r i o r i  e s t i m a t e s .  
A s imple  measure of  t h i s  k ind  would be t h e  va r i ance - cova r i ance  
m a t r i x  o f  a  p r i o r i  e s t i m a t i o n  e r r o r s  f o r  t h e  pa r ame te r s ,  i . e . ,  
i n  which a ( 0 )  i s  t h e  v e c t o r  of " t r u e "  param.eter v a l u e s  a t  t i m e  
- 
t = 0 ,  t h e  beg inn ing  o f  t h e  exper iment ,  and s u p e r s c r i p t  p  d e n o t e s  
a  m a t r i x  a s s o c i a t e d  w i t h  t h e  pa r ame te r s .  The c a l i b r a t i o n  pro-  
cedure  would t h n s ,  i n  p r i n c i p l e ,  u s e  t h e  obse rved  i n p u t / o u t p u t  
i n f o r m a t ion  n o t  o n l y  t o  p rov ide  improved e s t i m a t e s  - & o f  t h e  
p a r a m e t e r s ,  b u t  a l s o  t o  r educe  t h e  l e v e l s  o f  u n c e r t a i n t y  i n  t h e  
a  p r i o r i  e s t i m a t e s .  I n  o t h e r  words ,  f o r  t h e  i d e a l  c a s e  where 
t h e  exper iment  c o n t i n u e s  u r i t i l  t h e  c u r r e n t  t i m e  to ( t h e  b e g i n n i n g  
o f  t h e  f o r e c a s t i n g  p e r i o d ) ,  w e  cou ld  e x p e c t  t h a t  
where t h e  s u b s c r i p t  ii i n d i c a t e s  t h e  i t h  d i a g o n a l  e l e m e n t  o f  
t h e  m a t r i x  pP. E q u a t i o n  ( 8 )  s t a t e s  s imply  t h a t  t h e  a  p o s t e r i o r i  
e r r o r  v a r i a n c e  f o r  p a r a m e t e r  a , p i i ( t  P  It ) , i s  less t h a n  t h e  0 0  
a  p r i o r i  p a r a m e t e r  e s t i m a t i o n  e r r o r  v a r i a n c e .  
So t h e  c a l i b r a t i o n  p r o c e d u r e  i n c r e a s e s  o u r  c o n f i d e n c e  
i n  t h e  accuracy  o f  t h e  model pa ramete r  e s t i m a t e s .  But 
c a n  w e  a c c e p t  such a  s t a t e m e n t  w i t h o u t  q u a l i f i c a t i o n ?  Suppose 
t h e r e  i s  a  method t h a t  a l l o w s  t h e  changes  i n  pyi t o  be  fo l lowed  
a s  t h e  exper imenta l  d a t a  f o r  t h e  p e r i o d  0 c t < to a r e  pro-  
- - 
c e s s e d  s e q u e n t i a l l y  by a n  e s t i m a t i o n  a l g o r i t h m ,  a s  i n  F i g u r e  
2. There  a r e  two i l l u s t r a t i v e  examples t o  be  c o n s i a e r e d .  
F i r s t ,  f o r  t h e  t r a j e c t o r y  of  pP1 i n  F i g u r e  2 a  s i g n i f i c a n t  
r e d u c t i o n  i n  t h e  u n c e r t a i n t y  o f  t h e  p a r a m e t e r  e s t i m a t e  6 1 
i s  a c h i e v e d ,  and t h e  r a t e  a t  which t h i s  u n c e r t a i n t y  i s  reduced  
i s  e s p e c i a l l y  r a p i d  d u r i n g  t h e  p e r i o d  A t .  W e  might  s u g g e s t  
h e r e  t h a t  s u c h  a n  a c c e l e r a t e d  r a t e  of  d e c r e a s e  i n  e r r o r  
v a r i a n c e  i s  due t o  t h e  e x i s t e n c e  o f  a s u b s t a n t i a l  amount of  
i n f o r m a t i o n  i n  t h e  d a t a  t h a t  r e f e r s  t o  t h e  sys tem b e h a v i o r  
a s s o c i a t e d  w i t h  p a r a m e t e r  a P  1  - Second, t h e  t r a j e c t o r y  o f  p22 
d i s p l a y s  a  n e g l i g i b l e  d e c r e a s e  i n  t h e  u n c e r t a i n t y  o f  t h e  
r e l a t e d  p a r a m e t e r  e s t i m a t e ,  82. Assurnlng t h e  o p p o s i t e  o f  
t h e  argument f o r  t h e  pyl  t r a j e c t o r y  it might  b e  concluded 
t h a t  t h e r e  i s  v i r t u a l l y  no i n f o r m a t i o n  i n  t h e  d a t a  t h a t  con- 
f i r m s  t h e  t y p e  of  behav ior  s imu la t ed  by a 2  and i t s  a s s o c i a t e d  
s e c t o r  o f  t h e  model. 
I f  t h e  examples o f  F i g u r e  2 are now seen from t h e  d i f f e r e n t  
p r o s p e c t i v e  o f  a Venn diagram,  a u s e f u l  g e n e r a l i z a t i o n  can  
be made a b o u t  t h e  c a l i b r a t i o n  problem. T h i s  sa.me d e v i c e  h a s  
been used e l s e w h e r e  i n  o r d e r  t o  s k e t c h  t h e  f e a t u r e s  of t h e  
model v a l i d a t i o n  problem, Mankin, e t  a l .  (1977) .  Thus i n  
F i g u r e  3  P r e p r e s e n t s  t h e  set  o f  a l l  p o s s i b l e  behav io r  p a t t e r n s  
e x h i b i t e d  by t h e  sys tem;  A d e n o t e s  t h e  somewhat more r e s t r i c t e d  
sample b eh av i o r  obse rved  i n  t h e  h i s t o r i c a l  f i e l d  d a t a ;  and 
M c h a r a c t e r i z e s  t h e  set  o f  behav io r  p a t t e r n s  s imu la t ed  by t h e  
model. It  i s  n o t  d i f f i c u l t  t o  imagine t h a t  a c t u a l  (A) and 
s i m u l a t ed  (Mj b eh av i o r  do  n o t  cor respond  e x a c t l y  so t h a t  t h e r e  
i s  o n l y  a p a r t i a l  o v e r l a p  between A and M. From t h e  example 
o f  F i g u r e  5 l e t  u s  s a y  t h a t  pa ramete r  a ,  i s  a s s o c i a t e d  w i t h  a 
p a r t  o f  t h e  b e h a v i o r  covered  by t h e  shaded a r e a  of F i g u r e  3 ,  
w h i l e  a2 i s  r e l a t e d  t o  t h a t  p a r t  o f  M t h a t  does  n o t  i n t e r s e c t  
w i t h  A. When t h e  model i s  c a l i b r a t e d  a g a i n s t  t h e  f i e l d  d a t a  
one would e x p e c t  t h e  u n c e r t a i n t y  o f  pa ramete r  e s t i m a t e s  a s s o c i -  
a t e d  w i t h  t h e  i n t e r s e c t i o n  o f A  and M t o  d e c r e a s e  s i g n i f i c a n t l y .  
But f o r  p a r am e t e r s  a s s o c i a t e d  w i t h  t h e  n o n - i n t e r s e c t i n a  remainder  
of  M e s t i m a t i o n  e r r o r  v a r i a n c e s  shou ld  n o t  d e c r e a s e  because  
t h e r e  i s  no i n f o r m a t i o n  i n  t h e  h S s t o r i c a l l y  obse rved  d a t a  w i t h  
which t o  e v a l u a t e  t h e  e x i s t e n c e  o f  such behav ior .  
2 . 3  U n c e r t a i n t y  T r a n s a c t i o n s .  
W e  see t h e r e f o r e  t h a t  c a l i b r a t i o n  s e r v e s  t h e  purpose  o f  
r e d u c i ng  t h e  u n c e r t a i n t y  i n  t h e  model pa r ame te r  estimates. 
A t  t h e  same t i m e ,  any p r ocedu re  used f o r  t h i s  purpose  must be 
c a p a b l e  of  d i s c r i m i n a t i n g  a g a i n s t  t h e  unwanted e f f e c t s  of e r r o r  
and u n c e r t a i n t y  i n  t h e  f i e l d  d a t a  ( i . e . ,  u n c e r t a i n t y  a s s o c i a t e d  
w i t h  - 6 and - r l  i n  e q u a t i o n s  ( 1 ) and ( 2 )  ) . The r e d u c t i o n  i n  t h e  
u n c e r t a i n t y  o f  t h e  pa ramete r  e s t i m a t e s  w i l l  a l s o  h e  approx imate ly  
i n v e r s e l y  r e l a t e d  t o  t h e  number o f  h i s t o r i c a l  f i e l d  o b s e r v a t i c n s .  
The v a r i a n c e s  of t h e  a p o s t e r i o r i  p a r a m e t e r  e s t i m a t i o n  e r r o r s  
r e p r e s e n t ,  t h e r e f o r e ,  a  k i n d  o f  " f i n g e r p r i n t "  of  t h e  c a l i b r a -  
t i o n  p r o c e s s ;  t h e y  i n d i c a t e ,  amon? o t h e r  t h i n g s ,  t h e  r e l a t i v e  
d e q r e e s  o f  u n c e r t a i n t y  i n  t h e  v a r i o u s  s e c t o r s  of  t h e  model r e l a -  
t i o n s h i p s .  
I n  o r d e r  t o  d i s c u s s  t h e  n o t i o n  o f  " u n c e r t a i n t y  t r a n s a c t i o n s "  
l e t  us  c o n s i d e r  F i g u r e  9. F o r  t h i s  f i c u r e ,  u n c e r t a i n t y  t r a n s -  
a c t i o n s  a r e  unders tood  a s  t h e  t r a n s a c t i o n s  o f  u n c e r t a i n t y  
between t h e  a c t i v i t i e s  o f  n o d e l  c a l i b r a t i o n  and s u b s e c u e n t  
f o r e c a s t i n g  w i t h  t h e  model. I t  i s  c l e a r  t h a t  t h e  m a t r i x  o f  
a  p o s t e r i o r i  pa ramete r  e s t i ~ a t i o n  e r r o r s  i s  t h e  key f a c t o r  
t h a t  c o n n e c t s  c a l i b r a t i o n  w i t h  p r e d i c t i o n .  Now, t h e n ,  miqht  
one e x p e c t  t o  see t h e  i n f l u e n c e  of t h e  a  p o s t e r i o r i  ?a ramete r  
e s t i n a t i o n  e r r o r s  on t h e  e r r o r  bounds of  f o r e c a s t s  a b o u t  t h e  
f u t u r e ?  Again, a  Venn diagram i s  a  u s e f u l  s t a r t i n ?  p o i n t .  
F i g u r e  5 shows a  p o s s i b l e  s i t u a t i o n  i n  which,  f o r  example,  t h e  
f u t u r e  b e h a v i o r  of  t h e  sys tem l i e s  w i t h i n  t h e  s e t  o f  p a t t e r n s  
r e p r e s e n t e d  by F. The sets P I  F., and 17 have t h e  s a n e  i n t e r p r e -  
t a t i o n s  a s  p r e v i o u s l y ,  a l t h o u g h  t h e  d e f i n i t i o n  o f  M may b e  
f u r t h e r  q u a l i f i e d  by s t a t i n g  t h a t  Pl r e p r e s e n t s  s i m u l a t e d  b e h a v i o r  
of  b o t h  t h e  p a s t  and t h e  f u t u r e .  Let u s  c o n s i d e r ,  i n  p a r t i c u -  
l a r ,  what happens when a t  i n i t i a l  t ime  to t h e  rrodel s i m u l a t e s  
benav io r  t h a t  i s  c h a r a c t e r i s t i c  of  t h e  s e t  6 (!fl A P )  and 
t h e n  a t  t i m e  to + T it s i m u l a t e d  b e h a v i o r  c h a r a c t e r i s t i c  of  
t h e  set  marked y (M n F) i n  F i g u r e  5.  I n  o t h e r  words ,  a  
w e l l  c a l i b r a t e d  sector o f  t h e  model i s  i n i t i a l l y  dominant  i n  
t h e  s i m u l a t e d  b e h a v i o r ,  i . e . ,  a  p a t t e r n  o f  b e h a v i o r  obse rved  
i n  t h e  p a s t ,  a l t h o u g h  s u b s e u u e n t l y  a  p o o r l y  i d e n t i f i e d  s e c t o r  
o f  t h e  n o d e l  becomes dominant i n  t h e  s i m u l a t e d  b e h a v i o r .  With 
a  n o n l i n e a r  n o d e l  such  a  t r a n s i t i o n  c o u l d  be  e a s i l y  b rough t  
a b o u t ,  f o r  example,  by a  s l i g h t l y  modi f i ed  combina t ion  o f  
c o r n o n p l a c e  i n p u t  d i s t u r b a n c e s  t h a t  f o r c e  t h e  s ta te  of t h e  
model i n t o  a  q u i t e  d i f f e r e n t  r e g i o n  o f  t h e  s t a t e  s p a c e .  F i g u r e  
6 i l l u s t r a t e s  t h e  a s s o c i a t e d ,  h y p o t h e t i c a l  t r a j e c t o r y  o f  one  
o f  t h e  s t a t e  v a r i a b l e  f o r e c a s t s ,  9 ,  and  i t s  e r r o r  bounds,  which 
h e r e  a r e  s imply  d e n o t e d  by 2 + 0 ,  where a i s  t h e  s t a n d a r d  
d e v i a t i o n  o f  t h e  f o r e c a s t i n g  error  (compare w i t h  F i g u r e  1). 
Thus, a s  t h e  s t a t e  v a r i a b l e  t r a j e c t o r y  c r o s s e s  t h e  "boundary" 
between " p a s t "  and " f u t u r e "  b e h a v i o r  p a t t e r n s  t h e  e r r o r  bounds 
on t h e  f o r e c a s t  expand r a p i d l y .  T h i s  o c c u r s  because  t h e  re- 
sponse  of  t h e  n o d e i  i s  becoming v e r y  s e n s i t i v e  t o  r e l a t i v e l y  
u n c e r t a i n  p a r a m e t e r  e s t i m a t e s  and t h e i r  r e s p e c t i v e  s e c t o r s  
o f  t h e  model. Of c o u r s e ,  it  n i g h t  a l s o  be  t h a t  t h e  f u t u r e  
f o r c i n g  f u n c t i o n s  a r e  a l s o  u n l i k e l y  e v e n t s ,  i n  which case t h e  
sudden i o s s  o f  c o n f i d e n c e  i n  t h e  n o d e l  f o r e c a s t s  arises b o t h  
from t h e  u n c e r t a i n t y  o f  t h e s e  f u n c t i o n s  and from t h e  p a r a m e t e r  
e s t i m a t i o n  e r r o r s .  
A second example o f  u n c e r t a i n t y  t r a n s a c t i o n s  - - t h i s  t i m e  
t r a n s a c t i o n s  w i t h i n  t h e  model -- due t o  t h e  r e l a t i v e  e r r o r s  o f  
t h e  p a r a m e t e r  e s t i m a t e s  can be demons t ra ted  w i t h  a ~ r e ~ - ~ r e d a t o r  
model. Suppose t h a t  t h e  b e h a v i o r  of t h e  p r e y  is  w e l i  known, 
whereas  t h e  b e h a v i o r  o f  t h e  p r e d a t o r  i s  h i g h l y  u n c e r t a i n .  
An u n c e r t a i n  q u a n t i t y  o f  p r e d a t o r  p r e y i n g  upon an  i n i t i a l l y  
c e r t a i n  q u a n t i t y  o f  p r e y  l e a d s  t o  a n  i n c r e a s i n g l y  u n c e r t a i n  
q u a n t i t y  o f  r e m a i n i n g  p r e y .  T h i s  s o r t  o f  s i t u a t i o n  i s  r e f l e c t e d  
i n  F i g u r e  6 .  
To summar ize ,  l e t  u s  n o t e  t h a t  a m o s t  i p o r t a n t  f e a t u r e ,  
f rom t h e  f o r e c a s t e r ' s  p o i n t  o f  v i ew ,  is  t h a t  when f o r e c a s t -  
error  bounds are computed it i s  p o s s i b l e  t o  deduce  where  t h e  
model i s  making p r e d i c t i o n s  f c r  which  t h e r e  i s  v e r y  l i t t l e  
h i s t o r i c a i  e m p i r i c a l  j u s t i f i c a t i o n .  L i k e w i s e ,  when c a l i b r a t i n g  
l a r g e  mode l s  a g a i n s t  ( p r o b a b l y  i n a d e q u a t e )  f i e 1 2  d a t a  it w i l l  
n o t  b e  a t  a l l  o b v i c u s  which  sectors o f  t h e  model are p r o p e r l y  
c a l i b r a t e d ,  i f  t h e  a p o s t e r i o r i  p a r a m e t e r  e s t i m a t i o n  e r r o r s  
a r e  n o t  c a l c u l a t e d .  
3 .  - The Algor i thm.  
We ment ioned  a l r e a d y  i n  t h e  i n t r o d u c t i o n  o f  t h e  p a p e r  t h a t  
t h e  e x t e n d e d  Kalman f i l t e r  (EKF) w i l l  b e  u s e d  t o  compute t h e  
u n c e r t a i n  p r e d i c t i o n  d e f i n e d  by e q u a t i o n  ( 4 ) .  The argument  
s u p p o r t i n g  s u c h  a n  a p p l i c a t i o n  o f  t h i s  a l g o r i t h m  r e q u i r e s  f i r s t  
a  d i s c u s s i o n  o f  s t a t e  e s t i m a t i o n  a n d  t h e n  i n t r o d u c t i o n  o f  t h e  
problem o f  combined s t a t e  a n d  p a r a m e t e r  e s t i m a t i o n .  The 
i d e a  of t h e  ( l i n e a r )  Kalman f i l t e r  (Kalmhn, 1960 ,  Kalnan  a n d  
Bucy, 1361)  o r i g i n a t e d  i n  t h e  f i e l d  o f  c o n t r o l  t h e o r y  a t  
a  t i m e  when s t o c h a s t i c  p r o c e s s  c o n t r o l  w a s  a  t o p i c  o f  i n c r e a s i n g  
i m p o r t a n c e .  A l though  i t s  o r i g i n s  are i n  c o n t r o l  t h e o r y ,  t h e  
Kalman f i l t e r  h a s  come t o  e n j o y  c o n s i d e r a b i e  a p p l i c a t i o n  i n  
n o n - t e c h n i c a l  f i e l d s ,  and  p a r t i c u l a r l y  so i n  h y d r a u l i c s ,  h y d r o l o g y ,  
and w a t e r  r e s o u r c e s ,  Chiu  (19781 ,  Wood a n d  Szbl lbs i - f !agy  ( 1 9 7 9 ) .  
The l i n e a r  f i l t e r  was Zes igned t o  compute t h e  s t a t e  e s t i n ? a t e s  
f o r  a  sys tem whose behav io r  c o u l d  be d e s c r i b e d  by l i n e a r  dynamic 
e q u a t i o n s .  The f i l t e r  p r o v i d e s  e s t i m a t e s  - 8 ( t k ( t k )  where,  
a c c o rd ing  t o  t h e  n o t a t i o n  i n t roduced  p r e v i o u s l y  f o r  e q u a t i o n  
( 4 ) ,  t h i s  deno t e s  an  e s t i m a t e  a t  t ine tk q iven  a l l  r e a s u r e d  
i n p u t / o u t p u t  i n f o r m a t i o n ,  - u and up t o  and i n c l u d i n g  t h a t  
a v a i l a b l e  a t  t i m e  tk. 
However, o u r  g e n e r a l  d e s c r i p t i o n  o f  l a k e  w a t e r  q u a l i t y  
b e h a v i o r ,  e q u a t i o n s  (1) and ( 2 )  , i s  n o n l i n e a r  and i n  p r i n c i p l e  
r e q u i r e s  a  n o n l i n e a r  f i l t e r i n g  a l g o r i t h m  f o r  computa t ion  of  
t h e  s t a t e  e s t i m a t e s .  The ex tended  Kalnan f i l t e r  (see, f o r  
example, J a z w i n s k i ,  1970, o r  Gelb,  1974) i s  a  l i n e a r  f i l t e r  
t h a t  g i v e s  a  f i r s t - o r d e r  approximat ion t o  t h e  non - l i nea r  f i l t e r  
t h a t  would i d e a l l y  be r e q u i r e d .  Our p r e s e n t  i n t e r e s t  l i es  
n o t  s o  much i n  t h e  computa t ion  o f  s t a t e  e s t i m a t e s  f o r  n o n l i n e a r  
s y s t e m ,  b u t  more i n  t h e  problem of  combined s t a t e  and paramete r  
e s t i m a t i o n .  
3 .1  Combined S t a t e  and Parameter  Es t ima t i on  
A concep tua l  p i c t u r e  o f  t h e  extended Kalman f i l t e r  i s  
g iv e n  i n  F i g u r e  7. A s  s t a t e d  i n  s e c t i o n  2 .2 ,  c a l i b r a t i o n  i s  
a  p ro c edu re  whereby measured informz.t ion ( 5 , ~ )  abou t  t h e  
e x t e r n a l  d e s c r i p t i o n  o f  t h e  sys tem i s  r e s t r u c t u r e d  t o  p rov ide  
i n fo rm a t ion  ( 2 , G )  abou t  t h e  i n t e r n a l  n a t u r e  o f  t h e  s y s t e m ' s  
- - 
b e h a v io r .  F igu re  7  b e a r s  o u t  t h i s  s t a t e m e n t .  I n  t h i s  r a t h e r  
s i m p l i f i e d  p i c t u r e  o f  t h e  f i l t e r  t h e  b lock  l a b e l e d  " e s t i m a t i o n  
a l g o r i t h m s "  c a r r i e s  o u t  two f u n c t i o n s .  I n  p a r t  it compares 
t h e  p r e d i c t e d  model r e sponse  w i t h  t h e  o b s e r v a t i o n s  y and 
u s e s  t h i s  e r r o r  f o r  r e v i s i n g  t h e  s t a t e  and p a r a m e t e r  e s t i m a t e s ,  
which i n  t u r n  a r e  t o  be  used  f o r  p r e d i c t i o n  a t  t h e  n e x t  t i m e  
s t e p .  I t  a l s o  w e i g h t s  t h e  e r r o r s  i n  t h i s  feedback c o r r e c t i o n  
mechanism a c c o r d i n g  t o  a  s u i t a b l y  d e f i n e d  b a l a n c e  between t h e  
r e s p e c t i v e  l e v e l s  o f  u n c e r t a i n t y  i n  t h e  model (i. e.  , t h e  
p 'arameter  e s t i n a t e s ) ,  i n  t h e  i n p u t  d i s t u r b a n c e s ,  and i n  t h e  
i n p u t  m e a s u r e ~ . e n t s .  
W e  s h a l l  n o t  d e a l  w i t h  t h e  d e r i v a t i o n  of  t h e  l i n e a r  o r  
t h e  ex tended  Kalman f i l t e r .  The r e a d e r  p r e v i o u s l y  unacqua in ted  
w i t h  t h e s e  t a c h n i q u e s  w i l l  f i n d  s u i t a b l e  d e r i v a t i o n s  i n  Gelb 
(1.974),  Young ( 1 9 7 4 ) ,  and Beck ( i 9 7 9 b ) .  B r i e f l y ,  t h e  problem 
o f  combined s t a t e  and p a r a m e t e r  e s t i m a t i o n ,  i n  t h e  c o n t e x t  
o f  c a l i k a t i o n ,  c a n  be  set  up by r e f o r m u l a t i n g  t h e  dynamic 
sys tem d e s c r i p t i o n  o f  e q u a t i o n s  (1) and ( 2 )  a s  f o l l o w s .  Suppose 
w e  beg in  by d e f i n i n g  t h e  v e c t o r  - x* ,  
i n  which t h e  s t a t e  v e c t o r  h a s  been augmented w i t h  t h e  pa ramete r  
v e c t o r ;  and t h e n  i e t  u s  assume t h a t  t h e  p a r a m e t e r s  e i t h e r  do 
n o t  v a r y  w i t h  t i m e ,  i . e . ,  
o r  else t h e y  v a r y  i n  a n  unknown "random walk" f a s h i o n ,  i . e . ,  
where i;(t) i s  a  v e c t o r  o f  w h i t e  n o i s e  d i s t u r b a n c e s  ( w e  s h a l l  
- 
d e f i n e  a w h i t e  n o i s e  sequence  be low; .  The b a s i c  sys tem d e s c r i p -  
t i o n  o f  e q u a t i o n s  (1) and ( 2 )  may now b e  r e w r i t t e n  a s ,  
= h*{x* (tk) 1 + n ( t k )  . l ( tk)  - - 
O r ,  more c o n c i s e l y ,  
k* ( t )  = f * { x * ( t )  , u ( t )  1 + 5* (t)  
- - - - 
i n  which - f *  and - 5 * ( t )  have  t h e  obv ious  d e f i n i t i o n s .  
For  t h i s  sys tem,  e q u a t i o n s  ( 1 2 ) ,  t h e  ex tended  Kalman 
f i l t e r  f o r  c ~ n b i n e d  s t a t e  and p a r a m e t e r  e s t i m a t i o n  i s  g i v e n  
by t h e  f o l l o w i n g  set  o f  a l g o r i t h m s ,  
P r e d i c t i o n :  between t h e  sampl ing  i n s t a n t s  tk a n d  tkclr 
C o r r e c t i o n :  a t  t i m e  tk+l when t h e  most  r e c e n t  o b s e r -  
v a t i o n s  ~ ( t ~ + ~ )  become a v a i l a b l e ,  
where K ( t k + l )  , t h e  Kalman g a i n  m a t r i x ,  is  g i v e n  b y ,  
In  e q u a t i o n s  (13)  I d e n o t e s  t i le  u n i t  i d e n t i t y  m a t r i x .  A f t e r  
o u r  summary s t a t e m e n t  o f  t h e  EKF it i s  n e c e s s a r y  t o  make some 
a d d i t i o n a l  d e f i n i t i o n s :  
(i) The m a t r i x  @{tk+l ,tk) i s  t h e  s t a t e  t r a n s i t i o n  m a t r i x  
(see, f o r  example,  Dorf ,  1965) and i s  d e f i n e d  t h u s ,  
where t h e  m a t r i x  ~ { f * ( t ~ l  - tk) , u ( t k )  1 h a s  e l e m e n t s  f i j ,  
and i s  Strived i n  t h e  p rocedure  of l i n e a r i z i n g  t h e  s t a t e  v e c t o r  
d y n a n i c s  o f  e q u a t i o n  ( 1 2 a )  . 
(ii) The m a t r i x  H ( t k + l )  d e r i v e s  from t h e  l i n e a r i z a t i o n  of 
t h e  o b s e r v a t i o n s ,  e q u a t i o n s  ( 1 2 b ) ,  and h a s  e l e m e n t s  h i j ,  
('i 6 )  
(iii) The matrices Q* and R are d e f i n e d  under  t h e  assumpt ions  
t h a t  c* and q are zero-mean, Gauss ian ,  whi te -no i se  s e q u e n c e s ,  
- - 
with 6kj, the Kronecker delta function defined as, 
= D f o r k f j  &kj ' 1 1 for k = j 
and with E C - 1  being the expectation operator. 
(iv) The matrix P* is the variance-covariance matrix of 
state and parameter estimation errors, i.e., 
in which pS is the state estimation error covariance matrix, 
P P is the parameter estimation error covariance matrix, and 
C P is a matrix representing error covariances between states 
and parameters (com~are with equations (4b) and (7) ! . 
(v) The initial conditions of the filter at time t = 0 
-- the beginning of the experiment -- are specified as, 
and ~*(010) = 
assuming that there are no a priori correlations between the 
state and parameter estimation errors. Finally, note that for 
the use of algorithms (13) in a calibration procedure, time t 
varies between the bounds 0 - < t - < to, i.e., the period of the 
experiment. 
A d e t a i l e d  b lock  diagram of t h e  EKF a l g o r i t h m s ,  e q u a t i o n s  
v 
( 1 3 ) ,  i s  shown i n  F i g u r e  8 .  07e may n o t e  f i r s t  t h e  p a r a l l e l  
f u n c t i o n s  o f  t h e  e s t i m a t e  and e r r o r  cova r i ance  conlputa t ions .  
Not ice  a l s o  how t h e  m a t r i x  H i s  dependent  upon t h e  one-s tep  
ahead s t a t e - p a r a m e t e r  p r e d i c t i o n s ,  P*(t It ) , and how Q depends 
- k + l  k  
u?on t h e  c o r r e c t e d  e s t i m a t e s  B * ( t  
- k+l  1 t k + l )  F i g u r e  8 and equa- 
t i o n  (13)  d em o n s t r a t e  t h e  r e c u r s i v e  n a t u r e  o f  t h e  EKF: f o r  
e a c h  increment  o f  t i m e  tk 
+ t k + l  one pa s s  i s  made th rough  t h e  
two main feedback  l o o p s  of  t h e  b lock  diagram. Not o n l y  does  
t h i s  r e c u r s i v e  n a t u r e  of  t h e  a l g o r i t h m  p e r m i t  t h e  e s t i m a t i o n  
o f  t ime-varying p a r am e t e r s ,  b u t  it a l s o  i m p l i e s  t h a t  it would 
i n  f a c t  be p o s s i b l e  t o  compute t h e  changes  i n  pP (tk 1 tk) o v e r  
t h e  c a l i b r a t i o n  p e r i o d ,  a s  i n d i c a t e d  e a r l i e r  i n  F i g u r e  2. 
However, i n  view of  t h e  l i n e a r i z a t i o n  approximat ion o f  t h e  
EKF one should  be c a u t i o u s  i n  i n t e r p r e t i n g  p P ( t  It ) from k k  
e q u a t i o n  (21)  a s  t h e  t r u e  pa ramete r  e s t i m a t i o n  e r r o r  c o v a r i a n c e  
m a t r i x .  
3.2 The U n ce r t a i n  P r e d i c t i o n  Alqori thm. 
Had w e  t h u s  c a l i b r a t e d  t h e  model w e  shou ld  i d e a l l y  be a t  
t h e  s t a r t ,  to, of t h e  c u r r e n t  f o r e c a s t i n g  p e r i o d .  S ince  from 
t h i s  t i m e  onwards no measurements a r e  a v a i l a b l e ,  it i s  n o t  pos- 
s i b l e  t o  suppose t h a t  t h e  f i l t e r i n g  a l g o r i t h m s  can be used  i n  
e x a c t l y  t h e  same f a s h i o n  a s  t h e y  have been used i n  t h e  c a l i b r a -  
t i o n  p rocedure .  I n s p e c t i o n  o f  e q u a t i o n  (13)  shows t h a t  t h e  
u n c e r t a i n  p r e d i c t i o n  of  e q u a t i o n  (4) might be o b t a i n e d  by 
e x t r a p o l a t i o n  o f  e q u a t i o n s  (1  3a)  and (1  3b) t o  some f u t u r e  t i n e  
t j + l l  s a y ,  i .e . ,  by computing - 8* ( t j+l!  to) and P* ( t j+l  1 to) . 
And s i n c e  no f u t u r e  measurements a r e  a v a i l a b l e ,  it i s  e v i d e n t  
t h a t  t h e  " c o r r e c t i n g "  p a r t  o f  t h e  EKF a lgo r i t hms ,  i . e . ,  
equa t ions  ( 1  3c) , ( 1  3d) , and ( 1  3e) , becomes redundant .  I n  
o t h e r  words, t h e  feedback loop of t h e  f i l t e r  ( i n  F igu re  7) i s  
"opened," and t h e  f i l t e r  i s  being used a s  i f  it were a n t i c i p a t -  
i n g  measurements t o  be  a v a i l a b l e  a t  some t i m e  i n  t h e  f u t u r e .  
Th i s  i s  almost  a s  though t h e  a c t  of p r e d i c t i o n  i s  a n  e x t e n s i o n  
of  t h e  a c t  of c a l i b r a t i o n ;  we have d e l i b e r a t e l y  used a  form of  
n o t a t i o n  i n  t h e  paper  t h a t  emphasizes t h i s  p o i n t .  
There a r e  two ve ry  impor tan t  f e a t u r e s  about  such a  use  of  
t h e  f i l t e r .  F i r s t ,  because  t h e  model paramete rs  a r e  i nc luded  
i n  t h e  augmented s t a t e -pa rame te r  v e c t o r ,  t h i s  e n a b l e s  us  t o  
account  f o r  t h e  e f f e c t s  of  ( a  p o s t e r i o r i )  parameter  u n c e r t a i n t y  
on t h e  s t a t e  v a r i a b l e  p r e d i c t i o n s .  Second, i n  view of t h e  
l i k e l i h o o d  of n o n l i n e a r i t i e s  i n  t h e  o r i g i n a l  s t a t e - v e c t o r  
dynanics ,  equa t ion  ( I ) ,  t h e  i n e v i t a b l e  n o n l i n e a r i t i e s  o f  
combined s t a t e -pa rame te r  p r e d i c t i o n  appear  a s  on ly  a  marginal  
i n c r e a s e  i n  t h e  d i f f i c u l t i e s  o f  s o l v i n g  t h e  g e n e r a l  n o n l i n e a r  
f i l t e r / p r e d i c t i o n  problem. Indeed,  i f  we were t o  sugges t  t h a t  
t h e r e  i s  no concep tua l  d i s t i n c t i o n  betoreen " s t a t e s "  and 
"parameters1 '  -- t h a t  pa ramete rs  a r e  merely v a r i a b l e s  t h a t  behave 
a s  i f  t h e y w e r e a t  s t e a d y  s t a t e  -- t h i s  may prov ide  i n s i g h t  
i n t o  t h e  r ea sons  why t h e  EKF i s  belng used i n  t h e  p r e s e n t  c o n t e x t .  
From Appendix 1 t h e  u n c e r t a i n  p r e d i c t o r  can now be s t a t e d  
a s  fo l l ows  ( s e e  a l s o  F igu re  9 )  : 
The m a t r i x  S ( t . )  i s  d e f i n e d  a s  t h e  cova r i ance  o f  e r r o r s - i n  t h e  
3 
e s t i m a t e d  fu tu l -e  v a r i a t i o n s  o f  t h e  i n p u t  ( f o r c i n g )  d i s t u r b a n c e s  
w i t h  
~ e n c e ,  i s  t h e  v e c t o r  o f  e r r o r s  between a c t u a l  and e s t i r - a t e d  
- 
i n p u t  d i s t u r b a n c e s .  The m a t r i x  I' i n  e q u a t i o n  (23b) is  d e f i n e d  
i n  Appendix 1; it d e r i v e s  from t h e  linearized r e l a t i o n s h i p  
between s t a t e s  x* (t j+l) and i n p u t s  i; ( t  . ) . 
- 3 
Given t h e  p a r t i c u l a r  form of  t h e  s t a t e - p a r a m e t e r  dynamics . 
of  e q u a t i o n  ( l l a ) ,  t h e  p r e d i c t o r  o f  e q u a t i o n  (23 )  can  be s i m p l i -  
f i e d  by m a t r i x  p a r t i t i o n i n g  t o  t h e  fo l l owinq  (see Appendix 2 ) ,  
i n  which some o f  t h e  f u n c t i o n a l  arguments have been o m i t t e d  
f o r  c l a r i t y ,  
Ill 
d e f i n i t i o n s  of  t h e  m a t r i c e s  a r e  g i v e n  i n  Appendix 2 .  F u r t h e r ,  
i n  e q u a t i o n s  ( 2 6 )  it i s  assumed t h a t  t h e  parameters - a are i n -  
v a r i a n t  w i t h  t i m e  s o  t h a t  - < ( t )  = - 0 f o r  a l l  t . to. Hence, i n  
t h e  above i d e n t i t y  f o r  Q*,  
I n  b o t h  e q u a t i o n s  ( 2 3 )  and (26)  t h e  m a t r i c e s  0 and I' a r e  
e v a l u a t e d  on  t h e  b a s i s  of  t h e  e s t i m a t e d  t r a j e c t o r i e s  2 ,  - Q ,  - and 
8. 
- 
3.3  C o m e n t s  on t h e  A l g o r i t h n  
L e t  u s  examine t h e  c o m p u t a t i o n a l  a s y e c t s  o f  t h e  a l g o r i t h ~ ,  
e q u a t i o n  ( 2 6 ) ;  t h i s  w i l l  r e v e a l  a nunber  o f  kev f e a t u r e s  a b o u t  
t h e  r .ethod. I n  o r d e r  t o  r u n  t h e  a l g o r i t h r  t h e  u s e r  r u s t  
s p e c i f y :  
( i )  t h e e s t i m a t e  o f  t h e  c u r r e n t  s t a t e  o f  w a t e r  q u a l i t y  
i n  t h e  l a k e  o r  r i v e r ,  g ( t  ( t  1 ,  i . e . ,  t h e  i n i t i a l  c o n d i t i o n s  
- 0 0  
o f  e q u a t i o n  ( 2 6 a ) ;  
(ii) t h e  a p o s t e r i o r i  pa ramete r  e s t i m a t e s  d e r i v e d  from 
t h e  p r e c e d i n g  c a l i b r a t i o n  e x e r c i s e ,  i . e . ,  - 6 = - B ( t  ( t  ) i n  0 0 
e q u a t i o n  ( 2 6 a ) ;  
(iii) t h e  e s t i m a t e d  f u t u r e  t r a j e c t o r i e s  o f  t h e  i n p u t  ( f o r c i n g )  
d i s t u r b a n c e s ,  - d ( t ) ,  f o r  t > to; 
S ( i v )  t h e  e r r o r  v a r i a n c e - c o v a r i a n c e  r . a t r i x  P ( t  I t ) a s s o -  0 0 
c i a t e d  w i t h  t h e  e s t i n a t e s  o f  t h e  c u r r e n t  s t a t e  o f  w a t e r  q u a l i t y ,  
i . e . ,  t h e  i n i t i a l  c o n d i t i o n s  o f  e q u a t i o n  ( 2 6 b ) ;  
( v )  t h e  e r r o r  c o v a r i a n c e  m a t r i x  ( p C ( t  It ) o f  c o r r e l a t e d  
0 0 
e r r o r s  between t h e  c u r r e n t  s t a t e  and pararce ter  e s t i m a t e s ;  i . e . ,  
t h e  i n i t i a l  c o n d i t i o n s  of equa t jon  (26c j ;  
( v i )  t h e  a  p o s t e r i o r i  parameter e s t i m a t i o n  e r r o r  var iance-  
covar iance  ma t r ix  P? (tO 1 to) , which according t o  equa t ion  (26d) 
does n o t  change ove r  f u t u r e  time ( t h i s  depends on t h e  assump- 
t i o n  of t ime- inva r i an t  pa rame te r s ) ;  
( v i i )  t h e  covar iance  ma t r i ce s  S ( t . )  and Q' f o r  both  t h e  I 
measured and unmeasured i n p u t  d i s t u r b a n c e s  r e s p e c t i v e l y .  
The co~ .ponent  computational  s t e p s  o f  t h e  u n c e r t a i n  pre -  
d i c t o r  a r e  g iven  i n  Appendix 3. A primary reason f o r  p a r t i -  
t i o n i n g  t h e  ma t r ix  manipula t ions  o f  equa t ion  (23b) which 
l e a d s  t o  equa t ions  (26b) , (26c)  , and (26d) , i s  t h e  cons ide rab le  
economy it a f f o r d s  i n  computat ional  e f f o r t .  For example, 
when t h e r e  a r e  two s t a t e  v a r i a b l e s ,  two parameters ,  and two 
i n p u t s ,  equa t ion  (230) r e q u i r e s  160 m u l t i p l i c a t i o n  o p e r a t i o n s ,  
where a s  equa t ions  (26b) and (26c)  r e q u i r e  on ly  96 such o p e r a t i o n s .  
In a d d i t i o n ,  t h e  p a r t i c u l a r l y  burdensome ope ra t ion  of ma t r ix  
exponent ia t ion  can be much reduced by p a r t i t i o n i n g  t h e  t r a n s i -  
t i o n  ma t r ix  @ of equa t ion  (23b) -- s e e  Appendix 3. I t  i s  
a l s o  worth n o t i n g  t h a t  t h e  s o l u t i o n  of equa t ion  (26a)  can be 
c a r r i e d  o u t  independent ly  o f  t h e  remainder of t h e  a lgor i thm.  
An e s p e c i a l l y  u s e f u l  advantage of t h e  u n c e r t a i n  p r e d i c t o r  
of equa t ion  (26)  i s  i t s  f l e x i b i l i t y  and t h e  i n s i g h t  it pro- 
v ides  i n  a p p r e c i a t i n g  t h e  n o t i o n  o f  " u n c e r t a i n t y  t r a n s a c t i o n s . "  
F l e x i b i l i t y  i s  demonstrated by t h e  e a s e  w i th  which d i f f e r e n t  
p r e d i c t i o n  t r a j e c t o r i e s  can b e  ob ta ined  f o r  d i f f e r e n t  nominal 
e s t i m a t e s  - O ( t )  , - S (to 1 to) , and - 52 (to 1 to) . I n  e f f e c t ,  t h e s e  
nonina l  e s t i m a t e s  a l low us  t o  make d i f f e r e n t  s c e n a r i o  fo re -  
c a s t s ,  f o r  i n s t a n c e ,  "dry"  o r  "wet" y e a r s ,  "sunny" o r  " d u l l "  
y e a r s ,  f o r  each of  whjch d i f f e r e n t  assumptions about t h e  co- 
C 
v a r i a n c e  ? r o p e r t i e s  (pS ( tC 1 to) , pP (to 1 to) , P (to 1 to) can  be 
r a p i d l y  e v a l u a t e d .  R e c a l l  t h a t  w i t h  Monte C a r l o  s i m u l a t i o n  
any change i n  t h e  means and v a r i a n c e s  of  t h r  assumed pro-  
b a b i l i t y  d i s t r i b u t i o n s  e n t a i l s ,  i n  p r i n c i p l e ,  a  complete  re- 
g e n e r a t i o n  o f  t h e  d i s t r i b u t i o n s  f o r  t h e  s t a t e  p r e d i c t i o n s .  
I n s i g h t  is prov ided  by s e p a r a t i n g  e q u a t i o n  (26b) i n t o  a d d i t i v e  
component p a r t s ,  i . e . ,  
{ u n c e r t a i n t y  i n  {Unce r t a in ty  p ropaga ted  f r ~ m  t h e  
t h e  s t a t e  v a r i -  c u r r e n t  s t a t e  o f  wa t e r  q u a l i t y )  
a b l e  p r e d i c t i o n s )  
C + ( a l l ~ C ( t . l t o ) m T ,  + a 1 , p  ct.lto)lTa:,) I 3 
{Unce r t a in ty  d e r i v i n g  from c o r r e l a t e d  
s t a t e -pa r ame te r  e r r o r s )  
{ u n c e r t a i n t y  p ropaga ted  from t h e  a  
p o s t e r i o r i  pa ramete r  e s t i m a t i o n  e r r o r s )  
{ u n c e r t a i n t y  c o n t r i b u t e d  by f u t u r e  
i n p u t  d i s t u r b a n c e  e s t i m a t i o n  e r r o r s )  
{ u n c e r t a i n t y  a r i s i n g  from o t h e r  f a c t o r s  
e . g . ,  r e s i d u a l  e r r o r s  o f  model c a l i b r a -  
t i o n )  
S i n c e ,  by e q u a t i o n  (25)  it i s  p o s s i b l e  t o  t r a c e  t h e  s o u r c e  of 
t h e  u n c e r t a i n t y ,  it ap p ea r s  t h a t  an  "envelope"  of  u n c e r t a i n t y  
c o u l d  b e  c o n s t r u c t e d  w i t h i n  t h e  t o t a l  e r r o r  ( u n c e r t a i n t y )  a s s o c i -  
a t e d  w i t h  t h e  p r e d i c t i o n .  F i g u r e  10 i l l u s t r a t e s  such a  p r e d i c -  
t i o n .  The i n t e r e s t i n g  p o i n t  h e r e  i s  t h e  i n f o r m a t i o n  t h a t  can 
be i n f e r r e d  from t h e  p r e d i c t i o n  when it is  p l a c e d  i n  t h e  con- 
t e x t  o f  a managemerit p r o b l e r .  U s e f u l  q u e s t i o n s  t o  a s k  r ~ . i q h t  
t n e n  be: i f  t h e  o b j e c t i v e  i s  t o  r e g u l a t e  t h e  o c c u r r e n c e  o f  a  
peak e v e n t  a t  a  c e r t a i n  t i m e ,  how s e n s i t i v e  i s  t h e  p r e d i c t i o n  
o f  t h e  peak e v e n t  t o  u n c e r t a i n t y  i n  t h e  param.eter e s t i m a t e s ,  
u n c e r t a i n t y  i n  t h e  c u r r e n t  w a t e r  q u a l i t y  s t a t e ,  and u n c e r t a i n t y  
i n  t h e  e s t i m a t e d  f u t u r e  I n p u t  d i s t u r b a n c e s .  Problems such a s  
t h a t ,  however, have y e t  t o  be  e x p l o r e d .  
Some numer ica l  a s p e c t s  of t h e  proposed method s h o u l d  a l s o  
b e  c o n s i d e r e d .  For example,  when t h e  o r i g i n a l  d e s c r i p t i o n  o f  
t h e  s t a t e  v e c t o r  dynamics,  e q u a t i o n  ( 7 ) ,  i s  l i n e a r  w i t h  con- 
s t a n t  p a r a m e t e r s ,  t h e  m a t r i x  a l l  o f  e q u a t i o n  (26b)  i s  t i m e -  
i n v a r i a n t .  Hence, o n l y  a  once-and- fo r -a l l  computa t ion  o f  
t h i s  m a t r i x  e x p o n e n t i a l  i s  r e q u i r e d  (see Appendix 3 )  . I n  t h e  
S more q e n e r a l  c a s e ,  however, where Q l l ,  Q12, and F a r e  a l l  
t ime-varyinq,  t h e  a c c u r a c y  of  t h e  m a t r i x  e x p o n e n t i a t i o n  r o u t i n e  
w i l l  be a n  i n p o r t a n t  f a c t o r  i n  d e t e r n i n i n g  t h e  o v e r a l l  a c c u r a c y  
o f  t h e  a l g o r i t h m  (see a l s o  Bal fon and Beck, 1 9 7 9 ) .  To some 
e x t e n t ,  s i n c e  Q i s  r e - e v a l u a t e d  a t  each  s t e p  i n  t i m e ,  and 11 
S s i n c e  it i s  assumed t h a t  al l ,  Q12, and r can  b e  approximated  
a s  c o n s t a n t  m a t r i c e s  o v e r  t h e  i n t e r v a l  t + 
J n u m e r i c a l  
i n a c c u r a c i e s  can be coppensa ted  by d e c r e a s i n g  t h e  maani tude  of 
t h e  t i m e - s t e p .  
4 .  Concludins  Renarks 
I t  must b e  a d m i t t e d  t h a t  t h e  a l g o r i t h m  o f  e o u a t l o n s  
( 2 6 )  h a s  l i m i t a t i o n s  o f  a  t e c h n i c a l  and an a n a l y t i c a l  n a t u r e .  
A key assumpt ion  o f  t h e  ex tended  Kalman f i l t e r  i s  t h a t  t h e  
p e r t u r b a t i o n s  of  t h e  t r u e  s t a t e  o f  t h e  sys tem a b o u t  t h e  
nominal r e f e r e n c e  t r a j e c t o r y  used f o r  l i n e a r i z a t i o n  a r e  s m a l l  
(see Appendix 3 and Beck, 1 9 7 9 b ) .  T h i s  i m p l i e s  f o r  t h e  uncer-  
t a i n  p r e d i c t o r  t h a t  t h e  e r r o r s  of  p r e d i c t i o n  s h o u l d  b e  s m a l l .  
i f  t h e  l i n e a r i z a t i o n  p r o c e d u r e  i n h e r e n t  i n  t h e  c o v a r i a n c e  
e q u a t i o n s  i s  t o  b e  a  v a l i d  approximat ion .  How t h e n  shou ld  one 
i n t e r p r e t  a  l a r g e  p r e d i c t i o n  e r r o r  c o v a r i a n c e ?  The answer 
t o  t h a t  q u e s t i o n  i s  n o t  v e r y  satis!?actc?:r: it seers t h a t  
one  can  o n l y  be r e a s o n a b l y  a s s u r e d  t h a t  t h e  p r e d i c t i o n  e r r o r s  
a r e  indeed  l a r g e .  A second key a s s u ~ p t i o n  o f  t h e  a l g o r i t h m s  
1s t h e i r  u s e  o f  Gauss ian  d i s t r i b u t i o n s  f o r  t h e  s y s t e n  v a r i a b i e s ;  
c l e a r l y ,  i n  many c a s e s  skewed d i s t r i b u t i o n s  would b e  more 
r e a l i s t i c .  
Both o f  t h e  above " ? r o t l e ~ . s "  w i l l  b e  a p p a r e n t  i n  t h e  
examples chosen f o r  i l l u s t r a t i o n  and d i s c u s s i o n  i n  P a r t  I1 
o f  t h e  paper .  N e v e r t h e l e s s ,  w e  would a s s e r t  t h a t  u n c e r t a i n  
p r e d i c t i o n s  d e r i v e d  u s i n a  t h e  ex tended  Kalman f i l t e r  a r e  good,  
f i r s t - o r d e r  approx imat ions .  They can  be  o b t a i n e d  r e l a t i v e l y  
r a p i d l y  i n  c o m p u t a t i o n a l  terms; moreover,  it i s  argued  t h a t  
t h e  a l g o r i t h m  can accomodate t h e  a n a l y s i s  o f  r e l a t i v e l y  
l a r g e - s c a l e  models (Ha l fon  and Beck, 1 9 7 9 ) ;  and t h e  p r e d i c -  
t i o n s  can  e a s i l y  accoun t  f o r  c r o s s - c o r r e l a t e d  pa ramete r  e s t ima-  
t i o n  e r r o r s ,  a  f e a t u r e  t h a t  i s  n o t  always e a s y  t o  t r e a t  w i t h  
o t h e r  methods. 
Appendix 1 - The U n c e r t a i n  P r e d i c t i o n  Algor i thm 
I n  t h i s  Appendix a b r i e f  d e r i v a t i o n  i s  p r o v i d e d  f o r  t h e  
u n c e r t a i n  p r e d i c t o r ,  e q u a t i o n  ( 2 3 ) .  T h i s  d e r i v a t i o n  o f  t h e  
, 
p r e d i c t o r  d o e s  n o t  d i f f e r  s u b s t a n t i a l l y  from t h e  d e r i v a t i o n  
o f  t h e  EKF a l g o r i t h m s  as used  i n  t h e  proced-ure o f  c a l i b r a -  
t i o n .  F u r t h e r  d e t a i l s  o f  t h e  d e r i v a t i o n ,  t h e r e f o r e ,  are 
a v a i l a b l e  i n  Beck (1979b) . 
W e  star t  from t h e  n o n l i n e a r  r e p r e s e n t a t i o n  o f  s ta te-  
p a r a m e t e r  dynamics g i v e n  i n  e q u a t i o n  (121,  
A * ( t j  = f * { x * ( t ) , g ( t ) )  + c * ( t )  . 
- - - - ( A l .  1) 
L e t  u s  d e f i n e  a nominal  r e f e r e r i c e  t r a j e c t o r y  f o r  t h e  f u t u r e  
i n p u t  d i s t u r b a n c e s  - u ( t)  , and  hence  d e f i n e  a nominal  ( d e t e r m i -  
- 
n i s t i c )  r e f e r e n c e  t r a j e c t o r y ,  - x* ,  f o r  t h e  augmented s ta te-  
p a r a m e t e r  v e c t o r ,  i . e . ,  
w i t h  
- 
x * ( t ,  = ; * ( t  ) f o r  t = to . 
- - 0 
The r e f e r e n c e  t r a j e c t o r y  t h e r e b y  d e f l n e d  d o e s  n o t  n e c e s s a r i l y  
have  t o  be  i d e n t i c a l  w i t h  t h e  d e t e r m i n i s t i c  prediction d e f i n e d  
by e q u a t i o n  ( 3 )  i n  t h e  t e x t ,  a l t h o u g h  t h e r e  are obvious  s i m i -  
l a r i t i e s  between t h e s e  two a e f i n i t i o n s .  Pie t h u s  have s m a l l  
p e r t u r b a t i o n s  Su - and Sx* - a b o u t  t h e  r e f e r e n c e  t r a j e c t o r i e s  - u 
and - x* d e f i n e d  by,  
s u i t )  - A - ~ ( t )  - i(t) ( ~ 1 .  3a) 
I f  t h e  non l inea r  f u n c t i o n  - f * { '  j i n  equa t ion  ( A l . l )  i s  expanded 
abou t  t h e  r e f e r e n c e  t r a j e c t o r i e s  and approximated by a  f i r s t -  
o r d e r  Taylor  s e r i e s , t h e n  
- 
f*{x* ( t )  ,g( t )  1 = f * G *  ( t )  f g t )  1 
- - - - 
where t h e  ma t r ix  F has  e iements  f i j ,  d e f i n e d  by (compare w i t h  
equa t ion  ( 1  5) i n  t h e  t e x t )  , 
and t h e  m a t r i x  G 
A g i j  = 
has  e lements  g  d e f i n e d  by,  i j 
x* ( t)  = ;* ( t )  
j 
Hence, n o t i n g  t h a t  
we o b t a i n  a s e t  o f  l i n e a r  equa t ions  f o r  t h e  sn.al l  p e r t u r b a t i o n s  
by s u b s t i t u t i n g  from e q u a t i o n  ( A 1 . 4 ) )  i - e . ,  
- 
ax* - ( t )  = I?{;* - ( t )  , y ( t )  l ax*  - ( t )  
+ G{:* - ( t )  , u ( t )  - ) b u ( t )  - + - E* ( t)  . (A1.8) 
I n t e g r a t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  (A1.8) o v e r  t h e  i n t e r -  
v a l  t j  - tj+l g i v e s  (see, f o r  example,  Dorf ,  1 9 6 5 ) ,  
i n  which, 
Equa t ions  ( A i .  1) and (AX. 9 )  a r e  t h e  i m p o r t a n t  e q u a t i o n s  o f  
t h e  development  ( A l . 1 )  + (A1.12).  Equa t ion  (A1.9) w i l l  subse -  
q u e n t l y  b e  used  t o  d e r i v e  t h e  e r r o r  c o v a r i a n c e  e q u a t i o n  o f  t h e  
/ 
u n c e r t a i n  p r e d i c t o r ,  w h i l e  e q u a t i o n  i A l . 1 )  d e t c r n i n e s  t h e  
s t r u c t u r e  of  t h e  e q u a t i o n s  f o r  t h e  s t a t e - p a r a m e t e r  p r e d i c t i o n  
t r a j e c t o r y .  I n  o r d e r  t o  o b t a i n  e q u a t i o n  (13a)  o f  t h e  o r i g i n a l  
EKE'  a l g o r i t h m  ( a s  used  f o r  c a l i b r a t i o n ) ,  t h e  e x p e c t e d  v a l u e  o f  
t h e  s t o c h a s t i c  d i s t u r b a n c e s  S * ( t ) ,  i . e . ,  E { E * ( t ) )  = 0 ,  was 
- - - 
s u b s t i t u t e d  i n  e q u a t i o n  ( 1 2 a ) .  W e  may l i k e w i s e  make t h e  same 
s u b s t i t u t i o n  i n  ( A l . l ) .  I n  a d d i t i o n ,  however,  s i n c e  t h e  f u t u r e  
v a r i a t i o n s  i n  - u ( t )  a r e  n o t  known beyond t h e  p r e s e n t  t i m e  t it 0 '  
i s  n e c e s s a r y  t o  s u b s t i t u t e  t h e  e s t i m a t e d  i n p u t  t r a j e c t o r y  
G ( t )  f o r  u ( t )  i n  A .  Hence, 
- - 
Given - P* (to 1 to) and - O ( t )  e q u a t i o n  (A1.13) can be r e p e a t e d l y  
s o lved  o v e r  c o n s e c u t i v e  i n t e r v a l s  t 
+- tj+l j u n t i l  t h e  p r e d i c t e d  
mean v a l u e  o f  t h e  s t a t e  and paramete r  e s t i m a t e s ,  - **(to + r l t O ) ,  
i s  o b t a i n e d .  Equat ion iA1.13j i s  t h e  f i r s t  h a l f  o f  t h e  re- 
q u i r e d  u n c e r t a i n  p r e d i c t o r ,  i . e . ,  e q u a t i o n  (23a)  i n  t h e  main 
body o f  t h e  t e x t .  
I n  o r d e r  t o  d e r i v e  t h e  second h a l f  o f  t h e  p r e d i c t o r ,  t h a t  
i s  t h e  p r e d i c t i o n  e r r o r  cova r i ance  m a t r i x  e q u a t i o n  ( 2 3 b ) ,  l e t  
us  f i r s t  d e f i n e  - G ( t )  a s  t h e  e r r o r  ( d i f f e r e n c e )  between t h e  
e s t i m a t e d  f u t u r e  i n p u t  v a r i a t i o n s ,  - Q i t ) ,  and t h e  a c t u a l  f u t u r e  
i n p u t s ,  - u ( t ) ,  
A cor responding  e s t i m a t i o n  e r r o r  - %*(t)  may a l s o  b e  d e f i n e d  by ,  
Now obs e rve  t h a t  t h e  s ~ a t e  s t i ~ a t e  e q u a t i o n  (A1.13) i s  iden-  
t i c a l  w i t h  t h e  nominal r e f e r e n c e  t r a j e c t o r y  o f  e q u a t i o n  (A1.2) 
i f  - Q(t )  i s  s u b s t i t u t e d  f o r  - u ( t )  and i f  - P* (to;  to) i s  s u b s t i t u t e d  
f o r  - ; * ( t o ) .  In  f a c t ,  by t n i s  p a r r i c u l a r  s u b s t i t u t i o n  t h e  
Taylor  series expans ion ,  which i s  used f o r  t h e  l i n e a r i z a t i o n  
p r ocedu re ,  i s  always t a k e n  abou t  t h e  most r e c e n t  s t a t e  s s t i m a t e s  
-- a key feature of the EKF algorithms when used for combined 
(on-line) state and parameter estimation (Peck, 1079b). On 
the basis of such a substitution, i.e., z* (to) = %* (to[ to) 
- - 
and {(t) = i?(t), then (compare equations (A1.14), (A1.15) with 
- - 
equations (Al. 3) ) , 
%*(tltO) = 6x*(t) and G(t) = 6u(t) . 
- - - 
Eence, from equation (A1.9), by substitution of the above, 
it is found that the state-parameter prediction errors 
%(tit ) propagate (approximately) according to, 
- 0 
This in turn gives the desired state-parameter prediction 
error covariance, 
which, when expanded using equation (A1.16), yields, 
T 
~ * ( t ~ + ~ l t ~ )  = ~{@i*(t./t - 1 0 -  If* (t. It0)@ T 
1 ,  
Under t h e  assumptions t h a t  t h e r e  a r e  no c r o s s - c o r r e l a t i o n s  
among i* ( t  . 1 to) , t . ) , and E *  (t . ) , which assumptions a r e  n o t  
- 3 - 3 - 3 
t oo  r e s t r i c t i v e  s i n c e  they  merely s t a t e  t h a t  t h e r e  i s  no 
in s t an t aneous  t r ansmis s ion  o f  i n p u t  d i s t u r b a n c e s  t o  t h e  s t a t e  
v a r i a b l e s  and t h a t  t h e  measured and unmeasured i n p u t  d i s t u r -  
bances a r e  independent ,  equa t ion  (A1.17) s i m p l i f i e s  t o ,  
In  equa t ion  ( A l .  18)  S  (t  . i s  d e f i n e d  a s  -the var iance-covar iance 
3 
mat r ix  of e r r o r s  i n  t h e  e s t i m a t e d  f u t u r e  v a r i a t i o n s  of  measur- 
a b l e  i n p u t  d i s t u r b a n c e s ,  i . e . ,  
The p a t r i c e s  @ and r a r e  eva lua t ed  by s u b s t i t u t i n g  Q(t . l t  ) f o r  
- 3 0  
- 
x* ( t )  and O ( t  . ) f o r  i i(t)  i n  t h e  n a t r i c e s  F and G de f ined  by 
- 
- 3 - 
equa t ions  ( A l .  5 and (A1.6 . 
Since  equa t ion  (Ai.18) i s  t h e  d e s i r e d  covar iance  equa t ion  
f o r  t h e  u n c e r t a i n  p r e d i c t o r ,  i . e . ,  equa t ion  ( 2 3 b ) ,  o u r  de r iva -  
t i o n  i s  t hus  conple ted .  
Appendix 2 - Matrix Partitioning in the Uncertain Prediction 
. . 
Aigor ithm 
The computational requirements of the uncertain predictor 
given by equation (23) in the text can be reduced by exploit- 
ing the specific form of the augmented state-parameter vector 
dynamics. Our primary concern is that of reducing the amount 
of matrix manipulation in the covariance propagation equation 
i23b). We shall proceed in the sane fashion as previously 
with Appendix 1, although in places somewhat more briefly. 
The augmented state-parameter dynanics , equation (lla) 
in the text, has the form, 
Thus, for the nominal reference trajectory defined by u - and 
x* we have the linearized small perturbation equations, 
- 
in which small perturbations 6a in the paraneters are defined 
- 
by reference to a set of nominal parameter values as 
- 
6a -it) a - - a(t) - - G(t) . 
The matrices Fll, FI2, and cS are defined as, 
afi{s* (t) +(t) 1 I - x* (t) = x* (t) - - ax j - ~ ( t )  = i(t) 
In line with the development of Appendix 1 we obtain the 
discrete-time difference eguations for the interval t 
+ tj+ll j 
where 
In  equa t ions  (A2.8) + ( A 2 . 1 2 )  some of t h e  arguments have been 
omi t ted  f o r  convenience.  We may a l s o  n o t e  t h a t  t h e  dimensions 
S 
of Q l l ,  Q12, and r a r e  n x n n -  x n and ns x m r e spec -  S S '  S P'  
t i v e l y ,  where ns, n and m a r e  r e s p e c t i v e l y  t h e  number of P '  
s t a t e  v a r i a b l e s ,  pa ramete rs ,  an2 i n p u t s .  
Hence, s u b s t i t u t i n g  t h e  e s t i m a t e s  - ii(t), - f ( t O 1 t O ) ,  and 
B ( t  It ) -- where &(t  It ) i s  t h e  v e c t o r  of  a  p o s t e r i o r i  pa ra -  
- 0 0 - 0 0 
meter  e s t i m a t e s  ob t a ined  dur ing  c a l i b r a t i o n  -- f o r  t h e  c o r r e -  
sponding v a r i a b l e s  d e f i n i n g  t h e  nominal r e f e r e n c e  t r a j e c t o r y ,  
x ( t ) ,  t h e  e q u a t i o n s  f o r  t h e  s t a t e -pa rame te r  p r e d i c t i o n  e r r o r s  
- 
f ( t  1 t ) and G, ( t  / to) propaga te  (approx imate ly)  acco rd ing  t o ,  
- 0 - 
I f  t h e  s t a t e  and parameter  p r e d i c t i o n  e r r o r  var iance-covar iance  
m a t r i c e s  a r e  now d e f i n e d  r e s p e c t i v e l y  by,  
and 
and if the cross-covariances between state and parameter pre- 
diction errors are defined by 
and 
it would be possible to formuiate the desired partitioned 
covariance evolution equations by generating pS, pP, and pC 
from equations (P2.13). However, let us instead combine the 
two equations (A2.13a) and (A2.13b) to give, 
Comparison of equation (212.14) with equation (Al.16) from 
Appendix 1 shows that.the following identities hold, 
After substituting for @ and r from equations (A2.15) in 
equation (A1.18) from Appendix 1 we have (under the same assump- 
tions as those made previously), 
i n  which 
and 
F i n a l l y ,  f rom e q u a t i o n  (A2.16) w e  o b t a i n ,  
If one further assumption is made, that the parameters are 
truly constant and not subject to the random disturbances 
5 ,  i.e., assuming ~ ( t )  = 3 for all t and therefore o P =  0 
- - 
in equation (A2.19d), we have the desired partitioned covariance 
algorithms of equations (26) in the text. 
Appendix 3 - Com?uta t ional  S t e p s  i n  t h e  U n c e r t a i n  P r e d i c t o r  
T h i s  appendix  o u t l i n e s  t h e  sequence  o f  computa t ions  i n  
t h e  u n c e r t a i n  p r e i l i c t o r  o f  e q u a t i o n  ( 2 6 )  . 
(1) A t  t i m e  t = t s u b s t i t u t e  x* ( t )  = f * ( t  . 1 to) and j  - - I 
u ( t )  = G ( t . )  f o r  e v a l u a t i o n  o f  t h e  m a t r i c e s ,  
- 
- I 
( 2 )  ~ o m p < t e  t h e  m a t r i x  e x p o n e n t i a l ,  o r  s t a t e  t r a n s i t i o n  
m a t r i x  O l l f  i . e w f  
011 = exp (Fl lAt)  , 
where A t  = tj+l - t 
I 
There  a r e  numerous ways o f  c a l c u l a t i n g  
O l l f  s e e  f o r  example,  Moler and Van Loan ( 1 9 7 7 ) .  The p a r t i c u l a r  
method used h e r e ,  proposed by Shah (1971)  i s  t o  e x p l o i t  t h e  
i d e n t i t y ,  
X 7" 
exp ( f l l A t )  [ e x p ( ~ ~ ~ [ A t / 2  ]I] I 
and t h e n  t o  approx imate  exp (Fll  [At/2'] , deno ted  all ( h t )  f o r  
conven ience ,  by t h e  s e r i e s  e x p a n s i o n ,  
X i n  which 6 t  = A t / 2  . The e v a l u a t i o n  o f  @ ( 6 t )  from e q u a t i o n  11 
(A3.3) ,  a s  opposed t o  s i m i l a r l y  e v a l u a t i n g  ( A t ) ,  g i v e s  a  11 
more r a p i d l y  c o n v e r g e n t s e r i e s ,  which t h u s  s a v e s  c o m p u t a t i o n a l  
e f f o r t .  E q u a l l y  s o ,  t h e  p a r t i t i o n i n g  o f  m a t r i c e s  (see Appendix 
2 )  means t h a t  o p e r a t i o n s  such  a s  e q u a t i o n  (A3.3) need o n l y  be  
c a r r i e d  o u t  on an n  x n  m a t r i x  (Fl l )  i n s t e a d  o f  a n  S S 
(ns + n  ) x (ns + n  ) m a t r i x  ( F ) .  P  P  
( 3 )  Compute t h e  i n t e g r a l  mil of t h e  m a t r i x  e x p o n e n t i a l ,  
Again, m a t r i x  p a r t i t i o n i n g  p r o v i d e s  a  s i g n i f i c a n t  computa t iona l  
economy a t  t h i s  s t e p .  
( 4 )  Using @iL d e r i v e  t h e  m a t r i c e s  @ and rS a s ,  12 
I m p l i c i t  i n  t h e  computa t ions  o f  e q u a t i o n s  (A3.4) and (A3.5) , 
when compared w i t h  t h e  d e f i n i t i o n s  of  @ and rS  i n  e q u a t i o n s  12  
(A2.9) and (A2.10) o f  Appendix 2 ,  i s  t h e  assumpt ion  t h a t  F12 
and a r e  c o n s t a n t  o v e r  t h e  i n t e r v a l  t - tj+l. j 
C ( 5 )  NOW o b t a i n  pS (tjC1 1 to ) ,  P (t j+l 1 to) and ~ ~ ( t ~ + ~  1 to) 
a c c o r d i n g  t o  e q u a t i o n s  (26b)  , (26c)  , and (26d)  i n  t h e  main 
body of  t h e  t e x t .  
(6) S o l v e  f o r  - B ( t j + l  1 to) from e q u a t i o n  ( 2 6 a )  and r e t u r n  
t o  s t e p  (1). 
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P r o b a b i l i t y  
d e n s i t y  
b 
Value  of  x 
t o+  T T i m e  
F i g u r e  1 .  P i c t o r i a l  r e p r e s e n t a t i o n  o f  an u n c e r t a i n  p r e d i c t i o n .  
pS = o 2  i s  t h e  v a r i a n c e  o f  t h e  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n ,  i . e .  t h e  v a r i a n c e  o f  t h e  p r e d i c t i o n  e r r o r .  
Parameter estimation 
error variance 
0 At Time (t) 
Figure 2. Examples of changes in parameter,estimation error 
variances during calibration (calibration is assumed 
to refer to the period of observations from time 
t = 0 to time to). 
F i g u r e  3 .  C a l i b r a t i o n :  A r e p r e s e n t s  t h e  s e t  o f  s y s t e m  
b e h a v i o u r  p a t t e r n s  o b s e r v e d  i n  t h e  p a s t ;  M r e p r e s e n t s  
t h e  s e t  o f  b e h a v i o u r  p a t t e r n s  s i m u l a t e d  by t h e  model ;  
t h e  s h a d e d  a r e a  r e p r e s e n t s  t h e  o v e r l a p  be tween  A and  
M .  

F i g u r e  5 .  p r e d i c t i o n  w i t h  t h e  c a l i b r a t e d  model :  A a n d  M 
a r e  a s  d e f i n e d  f o r  F i g u r e  3 (see a l s o  t e x t ) ;  F  
, r e p r e s e n t s  t h e  set  o f  f u t u r e  s y s t e m  b e h a v i o u r  
p a t t e r n s ;  B r e p r e s e n t s  b e h a v i o u r  p a t t e r n s  
a s s o c i a t e d  w i t h  a  w e l l - c a l i b r a t e d  p a r t  o f  t h e  
model ;  y r e p r e s e n t s  b e h a v i o u r  p a t t e r n s  a s s o c i a t e d  
w i t h  a  p o o r l y - c a l i b r a t e d  p a r t  o f  t h e  model .  
Value 
of x 
( t h e  
s t a t e  
v a r i a b l e )  
Time ( t )  t O + ~  
Figure 6 .  A n  example of the e f f e c t s  of unce r t a in ty  t r a n s a c t i o n s  
(wi th in  t h e  model) on the  fo recas t ing  e r r o r .  a i s  the  
s tandard devia t ion  of the  fo recas t ing  e r r o r .  
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F i g u r e  7 .  T h e  extended K a l m a n  f i l t e r ,  a n  a l g o r i t h m  fo r  
e s t i m a t i o n  and f o r e c a s t i n g ;  -mf 2 -u t  2 and a a re  
r e s p e c t i v e l y  e s t i m a t e s  of t h e  m e a s u r e d  s t a t e  
v a r i a b l e s ,  t h e  u n m e a s u r e d  s t a t e  v a r i a b l e s ,  and 
t h e  m o d e l  p a r a m e t e r s .  ( E s t i m a t i o n  of gU w i l l  n o t  
be of f u r t h e r  c o n c e r n  i n  t h i s  d i s c u s s i o n . )  
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Figure 8. Block diagram of the extended Kalman filter showing 
both the computation of the state-parameter estimates 
and the computation of the covariance matrix. The 
block labelled "Delay" indicates that the estimates 
and covariances are propagated from one recursion 
through the algorithm to the next recursion. 
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F i g u r e  9 .  B l o c k  d i a g r a m  of t h e  u n c e r t a i n  p r e d i c t i o n  a l g o r i t h m .  
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F i g u r e  1 0 :  Enve lope  o f  u n c e r t a i n t y  a s s o c i a t e d  w i t h  s t a t e  
v a r i a b l e  f - o r e c a s t :  ( a )  r e p r e s e n t s  t h e  f o r e c a s t ;  
( b )  r e p r e s e n t s  t h e  u n c e r t a i n t y  p r o p a g a t e d  f rom 
c u r r e n t  s t a t e  o f  w a t e r  q u a l i t y ;  ( c )  r e p r e s e n t s  
u n c e r t a i n t y  p r o p a g a t e d  from a p o s t e r i o r i  p a r a m e t e r  
e s t i m a t i o n  e r r o r s ;  ( d )  r e p r e s e n t s  u n c e r t a i n t y  
c o n t r i b u t e d  f rom f u t u r e  i n p u t  d i s t u r b a n c e s .  
